Annals of Mathematics, 149 (1999), 707-754 



Surgery and duality 

By Matthias Kreck 
1. Introduction 

Surgery, as developed by Browder, Kervaire, Milnor, Novikov, Sullivan, 
Wall and others is a method for comparing homotopy types of topological 
spaces with diffeomorphism or homeomorphism types of manifolds of dimen- 
sion > 5. In this paper, a modification of this theory is presented, where instead 
of fixing a homotopy type one considers a weaker information. Roughly speak- 
ing, one compares n-dimensional compact manifolds with topological spaces 
whose ^-skeletons are fixed, where k is at least [n/2]. A particularly attractive 
example which illustrates the concept is given by complete intersections. By 
the Lefschetz hyperplane theorem, a complete intersection of complex dimen- 
sion n has the same n-skeleton as CP" and one can use the modified theory 
to obtain information about their diffeomorphism type although the homo- 
topy classification is not known. The theory reduces this classification result 
to the determination of complete intersections in a certain bordism group. 
This was under certain restrictions carried out in [Tr]. The restrictions are: If 
d = di - .. .-dr IS the total degree of a complete intersection X2^ of complex 
dimension n, then the assumption is, that for all primes p with p{p—l) < n+1, 
the total degree d is divisible by p[(2"+i)/{2p-i)]+i. 

Theorem A. Two complete intersections and X^i of com- 

plex dimension n > 2 fulfilling the assumption above for the total degree are 
diffeomorphic if and only if the total degrees, the Pontrjagin classes and the 
Euler characteristics agree. 

Note that the k^^ Pontrjagin class is a multiple of x^^ , where x generates 
the second cohomology of the complete intersection. Thus we can compare 
this invariant for different complete intersections. There are explicit formulas 
for all these invariants. It is open whether this theorem holds for arbitrary 
complete intersections of complex dimension > 2. 

The /c-skeleton is not an invariant of a topological space and thus we 
pass to the closely related language of Postnikov towers. The normal k-type 
of a manifold is the fibre homotopy type of a fibration B — > BO such that 
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7ri(-B BO) = for i > k + 2, admitting a lift of the normal Gauss map 
u: M ^ BO to a. map v : M ^ B such that TTjiu : M ^ B) = for j <k + l. 
We call such a lift a normal k-smoothing. A normal /c-smoothing determines 
an element in an obvious bordism group given by the normal A;-type. The main 
result of this paper concerning the classification of manifolds is the following. 

Theorem B. Let k > [n/2] — 1. A normal bordism W of dimension 

n + 1 > 4 between two normal k-smoothings on manifolds Mq and Mi with 
the same Euler characteristics is bordant to an s-cobordism if and only if an 
algebraic obstruction 6(W) is elementary. Thus Mq and Mi are diffeomorphic, 
if n > A, and homeomorphic, if n = A and tti is good in the sense of [Pr2] . 

In the most general case the obstruction 6(W) lies in a monoid depending 
only on the fundamental group and the orientation character given by the 
first Stiefel- Whitney class. If A: > [n/2] the obstruction is contained in a 
subgroup of the monoid and one obtains as special cases the Wall-obstructions 
and classification results. For a detailed formulation of Theorem B we refer 
to Theorem 3 (Section 5) and Theorem 4 (Section 6). For simply connected 
manifolds a similar approach to the classification problem was carried out by 
M. Preedman [Frl]. 

The obstructions axe particularly complicated in the extreme case k = 
[n/2] — 1, even for simply connected manifolds. It is surprising that they can 
be omitted if the manifolds are of dimension 2q and one allows stabilization 
by 5^ X 5^. Then the result is the following which generalizes a result by 
Preedman for specific 1-connected manifolds [Prl, Th. 3]. 

Theorem C. Two closed 2q- dimensional manifolds with the same Euler 
characteristic and the same normal {q — l)-type, admitting bordant normal 
{q — l)-smoothings, are diffeomorphic after connected sum with r copies of 
S"* X 5* for some r. 

If the fundamental group is finite, one has cancellation results. In joint 
work with Ian Hambleton [H-Kl, Th. 1.3] we showed that up to homeomor- 
phism one can take r = 2 for g = 2 and a similar argument holds up to diffeo- 
morphism for q > 2. If g = 2, the main theorem of [H-K3] gives cancellation 
up to homeomorphism down to r = 1. 

In Section 7, Corollary 4, we will give a short proof of the cancellation 
result for g > 2 by using the unitary stability techniques of Bass [Ba2] (as in 
[H-Kl]) to analyse the obstruction 9{W) directly. For 1-connected manifolds, 
elementary arguments give the following result which is best possible, and 
which for q odd was proved by Preedman [Prl, Th. 1]: 
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Theorem D. For q > 2, two closed simply connected 2q- dimensional 
manifolds Mq and Mi with the same Euler characteristic and the same normal 
{q — l)-type admitting bordant normal {q — l)-smoothings are diffeomorphic if 
either q is odd or q is even and Mq = Mq(JS'^ x S'^. 

This is the background for Theorem A. To mention an apphcation of the 
cancellation results to nonsimply connected manifolds we combine them with 
the exact surgery sequence [Wl] to compute under certain assumptions the 
group of connected components of (local) orientation-preserving simple homo- 
topy self equivalences 7ro(Aut(M)) modulo the group 7ro(Diff(M)) of isotopy 
classes of (local) orientation-preserving diffeomorphisms in terms of an exact 
sequence. 

Theorem E. Let M^* either be 1-connected with q odd or 1-connected 
with q even and M = M'^S? x Si, or 7ri(M) finite and M = M'p{Si x Si). 
If q > 2 there is an exact sequence 

[S(M),G/0] ^ L'2g+i{MM),wi{M)) 

7ro(Aut(M))/7ro(Diff(M)) ^ [M,G/0] . 

To give an application of Theorem B to manifolds with infinite fundamen- 
tal groups we present a very quick proof of the following result, which was 
independently proven by Freedman and Quinn [F-Q, Th. 10. 7. A]. 

Theorem F. Two closed topological A- dimensional spin A-manifolds with 
infinite cyclic fundamental group are homeomorphic if and only if they have 
isometric intersection forms on 1^2 ■ 

The intersection form is a quadratic form with values in A = Z[7ri], which 
is described in Section 5. 

For odd-dimensional manifolds I do not know a result like Theorem C 
and so it is necessary to analyse the obstructions d{W). We will carry this 
out in a special case which has applications to the classification of 1-connected 
7-dimensional homogeneous spaces. These homogeneous spaces have torsion- 
free second homology group and isomorphic finite fourth cohomology group 
generated by the first Pontrjagin class and decomposable classes. The nor- 
mal 2-type is then determined by the second Betti number and the second 
Stiefel- Whitney class. An analysis of 0{W) for a bordism between two such 
homogeneous spaces leads to: 
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Theorem G. Two 1-connected 7 -dimensional homogeneous spaces with 
the cohomolgical properties above are diffeomorphic if and only if they have 
equal second Betti number and Stiefel- Whitney class and if there is a bordism 
W between normal 2-smoothings such that sign(ty) = and the characteristic 
numbers Pi{W), zfpiiW) and zfzj vanish, where z-i are classes in H'^{W\'L) 
restricting to a basis of each of the two boundary components. 

In joint work with Stephan Stolz we analysed this situation further and 
showed that besides the second Betti number and Stiefel- Whitney class certain 
spectral invariants determine the diffeomorphism type. An explicit calculation 
of the spectral invariants gave the first examples of homeomorphic but not 
diffeomorphic homogeneous spaces [Kr-Stl] and of manifolds where the moduli 
space of metrics with positive sectional curvature is not connected [Kr-St2]. 

Besides the aim of obtaining explicit classification results the theory sheds 
some light on the role of duality for manifolds. Poincare duality reflects some 
symmetry between the k and n — k handles of a compact manifold. Prescribing 
the [n/2] -skeleton and classifying the corresponding manifolds shows how far 
manifolds are determined by their handles up to half the dimension. We will 
mention a result which demonstrates that in a particular situation even the 
cohomology ring up to the middle dimension plus the Pontrjagin classes and a 
certain homology class determine the manifolds up to finite ambiguity. Sullivan 
[Su] introduced minimal models and the notion of a formal space, which means 
that the minimal model is determined by its rational cohomology ring. We 
abbreviate for an n-dinicnsional manifold M the truncated cohomology ring 
J2i<[n/2]+i H^{M; Z) by if<[„/2]+i(-^) and the subalgebra of the real minimal 
model of ii"<[„/2]+i(-^) generated by elements of degree < [n/2] by M.[n/2] {^)- 
The fundamental class of M determines a class a{M) G Hn{M[n/2]{M)). The 
result which was proved in [Kr-Tr] using the modified surgery theory is the 
following. Let n > 5. The diffeomorphism type of a 1-connected closed smooth 
n-manifold with formal ([n/2] -|-l)-skeleton is determined up to finite ambiguity 
by the truncated cohomology ring ^/^<[n/2]+i(-^)) the real Pontrjagin classes 
and the class a{M) G HniM[n/2]iM)). 

Most of the results of this paper were obtained in the early eighties and 
were circulated as [Kr3] . A plan to write a monograph based on this preprint 
could not yet be realized. Since the theory was meanwhile used in several 
papers ([Be], [Da], [F-K], [F-K-V], [H-Kl], [H-K2], [H-K3], [H-K4], [H-K-T], 
[K-L-T], [Kr4], [Kr-Stl], [Kr-St2], [Kr-St3], [Kr-Tr], [Sto2], [Te], [TV], [Wa]), I 
decided to publish the most important results in the present form. 

I would like to thank Stephan Stolz and Peter Teichner for many helpful 
discussions about the theory, and the referee for detailed suggestions improving 
the presentation. 
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2. Normal fc-smoothings 

We will formulate and prove our general results in the smooth category. 
Most results can with appropriate modifications be proved in the piecewise 
linear or topological category. (Replace the differential normal bundle by the 
corresponding PL - or TOP bundle.) This follows from the basic results of 
[K-S]. 

We use the language of manifolds with S-structures. Here B is a fibration 
over BO and a normal B-structure on an n-dimensional manifold M va. B 
is a lift v of the stable normal Gauss map f : M ^ BO to B. Since the 
normal Gauss map depends on an embedding of M into R""*"^ for r large, one 
has to interpret this with care and we refer to [St, p. 14 ff] for details. Since 
we will frequently use homotopy groups we equip all spaces, without special 
mentioning, with base points and assume that maps preserve the base points. 
In particular if we orient the classifying bundle over BO at the base point 
the normal Gauss map induces a local orientation at the base point and so all 
orientable connected manifolds come with a given orientation. 

Definition. Let S be a fibration over BO. 

i) A normal -B-structure P : M — > 5 of a manifold M in 5 is a normal 
k-smoothing, if it is a (A; + l)-equivalence. 

ii) We say that B is k-universal if the fibre of the map B — > BO is connected 
and its homotopy groups vanish in dimension > A; + 1. 

Obstruction theory implies that if B and B' are both A;-universal and 
admit a normal A;-smoothing of the same manifold M, then the two fibrations 
are fibre homotopy equivalent. Furthermore, the theory of Moore-Postnikov 
decompositions implies that for each manifold M there is a /c-universal fibration 
B^ over BO admitting a normal /c-smoothing of M. For background on these 
basic homotopy theoretic facts we refer to [Ste] or more generally to [Bau]. 
Thus the fibre homotopy type of the fibration B^ over BO is an invariant 
of the manifold M and we call it the normal k-type of M denoted B^{M). 
We note that if two manifolds have homotopy equivalent [k + l)-skeletons and 
isomorphic normal bundles over them, then they have the same normal /c-type. 
By obstruction theory one obtains a classification of all normal /c-smoothings 
of M in B^{M). The group of fibre homotopy classes of fibre homotopy self- 
equivalences AvLt{B^[M)) acts effectively and transitively on the set of normal 
/c-smoothings of M. 

There is an obvious bordism relation on closed n-dimensional manifolds 
with normal B structures and the corresponding bordism group is denoted 
r2„(S) [St]. Normal /c-smoothings give special elements in VLn{B) and these 
are independent of the choice of the normal A;-smoothing in i7„(i?)/Aut(i?). 
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Remark. If k is larger than n, the dimension of M, then B^{M) is equiva- 
lent to the normal homotopy type of M: Two manifolds have the same (= fibre 
homotopy equivalent) normal k-type if and only if there is a homotopy equiv- 
alence preserving the normal bundle. Thus the starting point of the original 
surgery theory, the normal homotopy type, is a special case of our setting. 

We will demonstrate now using some examples that it is often much easier 
to determine the normal [n/2] — 1-type of a manifold than its normal homotopy 
type. 

Consider an n-dimensional homotopy sphere S. To describe the normal 
A;-type of E we need the following notion. Let X he a connected CW-complex. 
The k-connected cover X{k) is a CW-complex which up to homotopy equiva- 
lence is characterized by the property that X{k) is fe-connected and there is a 
fibration p : X{k) — > X inducing isomorphisms on tTj for i > A;. 

Proposition 1. Let be an n-dimensional homotopy sphere and k < 
n — 1. Then the normal k-type of S" is the fibration p : BO{k + 1) — > BO. 

Proof. Since the fibration p : BO{k + 1) — > BO induces an isomorphism 
on TTn for n > k, the normal Gauss map lifts and the lift is automatically a 
{k -\- l)-equivalence. □ 

Remark. For k > n the normal /c-type is equivalent to the normal homo- 
topy type of a homotopy sphere. The determination of this is an important 
step in the analysis of homotopy sj^hcrcs by ordinary surgery theory as was 
done by Kervaire and Milnor [K-M] . The additional information needed for this 
is that the stable normal bundle of a homotopy sphere is trivial [K-M, Th. 3.1]. 
It should be noted that the proof of this fact is not elementary (it uses the 
Hirzebruch signature theorem as well as Adams's result about the injectivity 
of the J-homomorphism and of course Bott periodicity). In contrast, the proof 
of the proposition for /c < n — 1 is completely elementary. One can, based on 
this completely elementary proposition, see that one gets the same information 
about the difFeomorphism classification of homotopy spheres as Kervaire and 
Milnor. 

Next, we determine the normal 1-type of a compact manifold. This is 
relevant for determining the homeomorphism type of compact 4-manifolds and 
for applications to manifolds of dimension > 4 with metric of positive scalar 
curvature. Consider triples (tt, ^1,^2) where tt is a finitely presentable group 
and Wi G H''-{K{7t, 1);Z/2) are cohomology classes. Two such triples are called 
isomorphic if there is an isomorphism / : tt — > tt' such that f*w!i = Wi. We de- 
note the isomorphism class by [vr, ■wi,W2]. Similarly we introduce isomorphism 
classes of pairs [tTjIWi], where wi is an element of H^{K{'k, 1);Z/2). 
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Given (tt, wi) we consider the real line bundle E K{7r, 1) with ■wi{E) = 
wi. Consider the composition 

K{7r, 1) X BSO ^ BO X BO ^ BO, 

where E: K{tt, 1) BO is the classifying map of the stable bundle given by E 
and © is the il-space structure on BO given by the Whitney sum. We denote 
the corresponding fibration by B[it, w\\. The normal Gauss map u : M ^ BO 
together with u : M K{7r, 1) determines a lift i? : M ^ B[Tr,wi) of u and it 
is easy to check that u is a, 2-equivalence. 

Given (Tr,wi,W2), we consider the following puUback square 

B{7r,wi,W2)@ >>> K{iT,l)@. 
@VpVV@VVwi X W2V@. 
BO@ » wi{EO) X W2{E0) > K{Z/2, 1) x K{Z/2, 2), 

where Wi{EO) are the Stiefel- Whitney classes of the universal bundle. The fibre 
homotopy type of p : B['k,w\,W2) — > BO is determined by the isomorphism 
class of (tt, wi,W2) and is denoted by -B[7r, wi,W2\. 

If M is a compact manifold (implying tti{M) is finitely presentable) and 
u : 7ri(M) ^ TT is an isomorphism we denote the corresponding map M 
K{n, 1) again by u {u is unique up to homotopy and a classifying map of 
the universal covering). If W2{M) = W2{v{M)) = there are unique classes 
Wi G H'{K{-K,l);'L/2) with v*w, = Wi{u{M)) for i = 1,2. This is clear for 
i = 1 and for i = 2 one uses the short exact sequence [Bro]: 

^ H^{K{Tr, 1); Z/2)@ > u* » H^{M; Z/2)@ > p* » H^{M; Z/2). 

Obviously [tt,wi, W2] is an invariant of M. 

The normal Gauss map u : M ^ B together with u : AI K{tt,1) 
determines a lift i? : M ^ -B(7r, ^1,^2) of v and it is easy to check that is a 
2-equivalence. We summarize these considerations as: 

Proposition 2. // W2{M) / then the normal 1-type of a compact 
manifold M is B[7r,wi], and if W2{M) = then it equals B['k,wi,W2\- 

Finally we determine the normal {n — l)-type of a complete intersection. 
Let /i, . . . , /r be homogeneous polynomials on CP"+'' of degree di, . . . , dr- If 
the gradients of these polynomials arc linearly independent, the set of com- 
mon zeros is a smooth complex manifold of complex dimension n, a nonsin- 
gular complete intersection. As was noted by Thorn, the diffeomorphism type 
of nonsingular complete intersections depends only on the unordered tuple 
(di, . . . ,dr) called the multi-degree. We denote this diffeomorphism type by 
■^di dr' natural to ask for a diffeomorphism classification of this very 

interesting class of algebraic manifolds. 



714 



MATTHIAS KRECK 



Except under some restrictive assumptions [L-Wl], [L-W2], even the ho- 
motopy classification of the X^^ ^^'s is unknown, which is the first step in 
the ordinary surgery theory. On the other hand the topology of up to 

half the dimension is known. According to Lefschetz the inclusion 

is an n-equivalence. 

Moreover, it is easy to see that the normal bundle of ^ is isomorphic 

to 

^ i*{-{n + r + 1) • © e • • • e H'^-) 

where H is the Hopf bundle and iJ* means the dj-fold tensor product. We 
abbreviate 5 = {di,. . .dr). Denote the classifying map of 

-{n + r + l)-H®H'^^ ®---®H'^- 

by ^{n,6) : CF°° — >■ BO. We transform the composition of ^{n,6) x p 
: CP°° xBO{n + l) ^ BOx BO and the Whitney sum ®:BOxBO^BO 
into a fibration and denote the projection map of this fibration by ^{n,5) ®p 
: CP°° X BO{n + 1) ^ BO. Then by construction the normal Gauss map of 
■^di dr admits a lift over this fibration by a n-equivalence. Then: 

Proposition 3. The normal (n — l)-type of a complete intersection 
Xn{S) is 

CP°° X BO{n + 1)@ > ^(n, 6)®p» BO. 



3. Surgery below the middle dimension and first applications 

In homotopy theory one can, for a topological space X and r > 1, eliminate 
arbitrary elements [/] € '7r,.(X) by attaching an (r+l)-cell via /. More precisely 
consider Y = D"^^^ U/ X. Then the inclusion i : X ^ y is an r-equivalence 
and [/] with all its translates under the action of 7Ti{X) generates the kernel 
of : TTriX) —>■ TTriY) (for r > 1 see [Wh], for r = 1 this follows from van 
Kampen's theorem). 

Surgery is an attempt to do constructions which have the same effect on 
homotopy groups within the category of manifolds [Br] , [Wl] . To stay within 
the category of manifolds, we start with an embedding 

f:S'"x D"'-'' ^ M 
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where M is a m-dimensional manifold. Then we define 

W : = D''+^ X D'"-^ U M X / 
/ 

where we consider / as a map to M x {1}. 

is a manifold with corners but we will always straighten the angles 
occurring at /(>S"' x S"^~^^^) [C-F]. This construction is called attaching an 
(r + l)-handle and W the trace of a surgery via f . 

The boundary of W is M U {dM x 7) U M' and we call M' the result of a 
surgery of index r + 1 via f. More explicitly, 

M' = D^+^ X 5'"-'-^ y (M - fiS"^ X D"'-'-)). 
Obviously W is homotopy equivalent to y = D^~^^ U M, the result 

.f\srx{0} 

of attaching a cell via f\srx{o}- From the construction of W and M' it is not 

difficult to see that W can also be viewed as the trace of a surgery on M' via 

the obvious embedding of x S'^~'^~^ into M' [Mil]. In particular, W is 

homotopy equivalent to Y' = D^~^ U M'. 

{0}xS''"-'-i 

The following lemma demonstrates the analogy of the two constructions 
"attaching a cell" and "surgery" as far as the effect on homotopy groups is 
concerned. 

Lemma 1. Let / : S"" x D"^~'^ ^ M"^ be an embedding into a connected 
manifold. Let W be the trace of a surgery via f and M' be the result of a 

surgery via f. 

i) The inclusion i : M —>■ W is an r-equivalence and [f\S^ x {0}] and 
its translates under the action of iti{M) generate the kernel of i^ : Trr{M) — ^ 

TTriW). 

ii) The inclusion j : M' ^ W is an {m — r — \)- equivalence and [{0} x 
^m-r-ij g 7rm-r-i(^') o-^d its translates under the action of ■Ki{M') generate 
the kernel of j : -Km-r-iiM') TTm-r-iiW). 

iii) If k < r and k < m — r — 1, then 

and, if2r<m — l 

7r.,{M') ^Trr{M)/U 

where U is generated by [f\s^x{o}] <^'<^d its translates under the action o/7ri(M). 

Proof. The results follow from [Wh, p. 213] and van Kampen's theorem 
since 

i)W ^ D^+i U M and 

/|S''x{0} 
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ii) W ~ I?™-'' U M'. 

iii) follows from i) and ii). □ 

To apply the construction of attaching handles to eliminate elements in 
7rr(M), it is necessary to know which elements in 7rr(-M) can be represented 
by embeddings f : x D^"'^ ^ M. We have some control over this in the 
situation described in Section 2. Let 

be a fibration and u : M ^ B a normal 5-structure. If r < y, the Whitney 
embedding theorem [Hi] implies that any map S'^ ^ M is homotopic to an 
embedding /. If [/] lies in the kernel of u : '^^{M) T^r{B), the stable normal 
bundle of this embedding is trivial. Since the dimension of the normal bundle 
is greater than r, it is actually trivial [Ste]. Thus, we have shown the first part 
of the following lemma. 

Lemma 2. Let ^ : i? — > BO he a fibration and (M, P) be a normal B- 
structure. 

i) // r < Y any element in the kernel of i'^ : 7rr(M) — TTr{B) can he 
represented by an embedding 

ii) Let / : S"" X L)"^~'^ "-^ M be an embedding representing a homotopy class 
in the kernel ofP^,. For 1 < r < / can be modified by a self-diffeomorphism 
on S'^ X D'^-'^ ^ so that u : M ^ B extends to a normal B-structure of W, 
the trace of the surgery via f. Denote the restriction of any such extensions to 
M', the result of the surgery, by u' : M' — B. 

iii) For 1 < r = y and r ^ S,7, or r = S,7 and there is (3 E Trr+i{B) 
with l3*^*Wr+i ^ 0, Wr+i € H*{BO;'Z/2) the Stief el- Whitney class, the same 
statement as in ii) holds. 

Proof. We only have to show ii) and iii) . The embedding f x D"^~^^ 
M induces a normal S-structure on S'^ x denoted by f*i>. There is 

a unique (up to homotopy) 5-structure on W'^^ x _D™~'' and we have to 
show that, after perhaps modifying the embedding /, we can achieve that its 
restriction to S"" x D"'"'' is /*z>. Let F be the fibre of ^ : I? ^ BO. The 
different S-structures on x are classified by 7r^(F), as follows from 

the long exact homotopy sequence. Since f*i^\s'-x{o} represents in TTr{B) 
by assumption, the B-structures are in the image of the boundary operator 
d : TTr+i^BO) — > iTr{F). For a map a : S"" — > 0{m — r) we consider the 
diffeomorphism g^ : x D'^~^ x D"^~^ mapping (x, y) i — > (x, a{x) ■ y). 

Then f*i> and (/ • ga)*i^ differ by d{ia) G TTriF), where i : 0{m — r) — > O is 
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the inclusion and we consider ia as an element of -Kr+iiBO) = 7rr{0). Since 
m — r > r, : iTr{0{m — r)) — 7rr(0) is surjective [Ste] which finishes the 
proof of ii). 

For r = Y the same argument as above works as long as : TTr{0{r)) 
TTriO) is surjective. This is the the case for r 7^ 3,7 as follows from results 
in [Ste]. For r = 3, 7 the map is not surjective but has a cokernel Z/2. This 
cokernel is detected by the Stiefel Whitney class Wr+i of the bundle over 5''+^ 
classified by an element of 7rr(0). Looking at the homotopy sequence of the 
fibration B BO: iTr+iiB) irr-\-i{BO) T^r{F) T^r{B) we see that if 
there is /3 G 7r,.+i(i?) with /3*4*'"^r+i / there is no obstruction for finding 
a diffeomorphism ga x D'^~^ x D"^~'^, so that after changing the 

embedding with this diffeomorphism v : M ^ B extends to a normal B- 
structure of W, the trace of the surgery via /. □ 

We call an embedding f : x D'^~'^ ^ M, where v extends to a normal 
S-structure of the trace a compatible embedding. 

Combining the information about the effect of attaching a cell for homo- 
topy groups with Lemma 1 we get the following result. Before we formulate 
it recall that the integral group ring Z[7r] of a group tt is the ring of all for- 
mal linear combinations ^ n^^r, where g runs over elements of tt and all but 
finitely many Ug arc zero. We abbreviate Z[7ri(i?)] by A. If tt is the funda- 
mental group of a space X then it acts on all homology groups of the universal 
covering and on all homotopy groups of dimension > 1, making these groups 
into A-modules in such a way that the Hurewicz homomorphism is a A-module 
homomorphism. 

Proposition 4. Let ^ : i? — > BO be a fibration and assume that B is 
connected and has a finite [m/ 2] -skeleton. Let v : M ^ B be a normal B- 
structure on an m-dimensional compact manifold M. Then, if m > 4, by a 
finite sequence of surgeries (M, P) can be replaced by (M', p') so that i>' : M' 
B is an [^\- equivalence. 

Proof. In the first step we make M connected. We can diminish the num- 
ber of components of M by one if we do surgery via an appropriate embedding 
f : S^x ^ M, if /(I, 0) and /(—1, 0) are contained in different components 
of M (note that in this situation surgery is the same as forming the connected 
sum). 

Now, we assume M to be connected and deal in the second step with tti. 
We want to modify i> : M ^ B so that the induced map in vri is surjective. 

For this, and the similar statement for higher homotopy groups, it is useful 
to note that surgery on a standard (unknotted) embedding x D"^~^ ^ 
D"^ ^ M replaces M by Mi^S'+'^ x More precisely, consider the 

decomposition of S"^ = S' x D""'' U D'+'^ x S"""*"!. Surgery on S' x D"^-' 
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yields S^~^^ x 5""-*"! and replacing M by M(J5™ we obtain via surgery M' = 
M^S'^'^^ X S"^~'^~^. We have freedom in extending the normal S-structure on 
M to the trace of the surgery and this freedom can be used to achieve the fact 
that under the restriction of the normal i?-structurc on the trace to M' an 
arbitrary element in the kernel of 7ri+i(-B) Tri^i(BO) is in the image of i>'^. 

We can generalize this construction. For a : ^ 0{m — i) twist the 
embedding of x D^~'^ by composition with the corresponding diffeomorphism 
on S"* X Z?™~*. Performing surgery replaces M by M'^Xa where Xa is the sphere 
bundle of the vector bundle over 5'*"''^ classified by a. If a G 'Ki{BO) is in the 
image of 7rj+i(i?) 7rj_|_i(i?0), the normal S-structure on M extends to the 
trace of the surgery and now a is in the image of the map induced by the 
normal Gauss map from M'^X^ to BO. 

We call such surgeries connected sum surgeries. Combining these two 
considerations and using the fact that 'Ki{B) is finitely generated (over A for 
i > 1), we obtain: 

Lemma 3. For i < m/2, by a sequence of connected sum surgeries, 
: 7Ti{M) — >■ 7Ti{B) is surjective without changing anything below dimension i. 

Let {xi, . . . ,Xk\ri,... ,rs) be a presentation of 7ri{B). Applying the 
lemma above to tti we can replace (M, P) by M' = M'^X, u' with X a con- 
nected sum of X'^s as above, such that 7ri(M') has a presentation 

where {zi) = 7ri(X), P^Zj = Xi and (ai,... ,aj[i2i,... is a presentation 
of 7ri(M) (note that by Morse theory [Mil] the fundamental group of M is 
finitely presentable if M is compact, in particular is a word in ai, . . . , aj). 

In this situation we write i>'^{ai) = Wi{xi, . . . , x^), a word in Xj. Now con- 
sider the elements a~^Wi{zi, ... , z^) in 7ri(M') and ri(zi, . . . ,Z}.). Obviously 
these elements are in the kernel of v'^ and thus we can do surgery on them. 
The effect on 7ri(M') is to introduce these elements as additional relations. 
This follows from Lemma 2 since m > 4. Thus the map on tti becomes an 
isomorphism. By Lemma 3 we can assume that 7r2(M) 7r2(-B) is surjective. 

Summarizing after these steps we can assume that u : M ^ B with M 
connected and u a 2-equivalcncc. We finish the proof by an inductive argument. 

We assume inductively that for some 2 < r < [^], u is an r-equivalence. 
We first want to eliminate the kernel of i/* : 7rr(M) — > Trr{B) by a sequence of 
surgeries. There is an exact sequence 

Trr+liB,M) TTriM)© > » 1Tr{B) 

(here as in similar situations we replace v : M ^ B hy an. embedding up to ho- 
motopy equivalence using the mapping cylinder, so that the relative homotopy 
groups make sense [Wh]). 
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By assumption, B has a finite (r + l)-skeleton so that Hr+i{B,M;A) = 
Trr+i{B,M) is finitely generated. Surgery on a set of generators of image d 
ehminates the kernel of without changing the inductive assumptions (this 
follows from Lemmas 1 and 2). Finally, as for r = and 1, we can do connected 
sum surgeries to show that 7rr+i(M) — > 7rr+i{B) is surjective. □ 

We call two compact manifolds Mq and Mi with the same boundary and 
normal S-structures, which agree on the boundary, normally B-bordant relative 
to the boundary, if the union of the two manifolds over the common boundary 
is zero bordant as a normal B-manifold. Here we have to equip Mi with the 
negative orientation which is obtained by extending the given i?-structure on 
Ml to the cylinder Mi x / and restricting it to the other boundary component. 

Obviously the trace of a surgery is a normal i?-bordism relative boundary. 
Thus, we can conclude from Proposition 3 the following: 

Corollary 1. Under the assumptions of Proposition 4, (M, z^) is nor- 
mally B-bordant relative to the boundary to (M', i?') such that v' : M' B is 
an l^]- equivalence. 

The concept of normal 1-types and normal S-bordisms is useful for the 
investigations of a relevant differential geometric problem: Which manifolds 
admit a metric of positive scalar curvature? This relation was pointed out to me 
by Stephan Stolz. The key is the following result which is an easy consequence 
of the surgery theorem of Gromov-Lawson [G-L], respectively, Schoen-Yau 
[S-Y]. 

Theorem 1 [G-L] , [S-Y] . Let M be a compact manifold of dimension 
n > 5. Let B be the normal 1-type of M as described in Proposition 2. Then 
M admits a metric of positive scalar curvature if and only if there is a normal 
B -manifold N admitting a metric of positive scalar curvature, such that M 
and N agree in fln{B) / Aut(B) . 

Proof. Let {W, v'w) be a normal S-bordism between (M, i>) and (M', 
By Proposition 4 we can assume that uw is a 3-equi valence, implying that 
i : M ^ W is a 2-equivalence. By Morse theory M is obtained from M' by 
a sequence of surgeries [Mil]. If i : M ^ W is a 2-equivalence the proof of 
this theorem implies that one actually can pass from M' to M by a sequence 
of surgeries using embeddings of S**" x D"^~'^ with r < m — 2 [Mi2]. 

The surgery theorem of [G-L] or [S-Y] says that if one performs surgery 
on a sphere of codimension > 3 on a manifold with positive scalar curvature 
metric, then the resulting manifold admits such a metric. Thus the existence 
of a positive scalar curvature metric on M' implies the existence on M. □ 
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Corollary 2. Let M be a closed manifold of dimension m > 5 admit- 
ting a zero bordant normal 1-smoothing v in ^ where ^ is the normal 1-type of 
M as described in Proposition 2. Then M admits a metric with positive scalar 
curvature. 

Proof. (M, u) is S-bordant to the sphere 5*™ with the normal B-structurc 
induced from D'"''^^. Since tlic standard metric on S*™ has positive sectional 
curvature (implying positive scalar curvature), the result follows from Theo- 
rem 1. □ 

Remark. For M simply connected of dimension > 5 the solution of the 
problem of existence of a positive scalar curvature metric follows if M does 
not admit a spin structure {w2{M) ^ 0). For, in this situation one can rather 

easily construct explicit generators of the oriented bordism group ri„ (which in 
this situation is the bordism group of the normal 1-type) admitting metrics of 
positive scalar curvature. This was carried out in [G-L]. The spin case is much 
harder and was recently solved by Stephan Stolz [Stol] showing that there is 
a single obstruction a{M) with values in Z for dim(M) divisible by 4, in Z/2 
for dim(M) = 0, 1 mod 8 and else. There is also substantial progress going 
on for nonsimply connected manifolds [Ro-St], [Sto2], [Ju]. 



4. Stable diffeomorphism classification 

In this section we will prove Theorem C and a relative version for man- 
ifolds with boundary. We will do it by showing that a normal S-bordism W 
between two normal B-smoothings of 2g-dimensional manifolds Mq and Mi 
in a ((/ — l)-universal fibration B can be replaced by an s-cobordism after a 
sequence of surgeries and a new operation, called subtraction of tori, which 
changes the boundary components by connected sum with 5* x 5*. Then 
the s-cobordism theorem [Ke] in dimension > 4 and the stable s-cobordism 
theorem in dimension 4 [Q] imply that Mq and Mi are stably diffeomorphic. 

We will also prove a relative version for manifolds with boundary. Let Mq 
and Ml be compact manifolds of dimension 2q with boundary and / : OMq — > 
dMi a diffeomorphism. This diffeomorphism is used to identify the boundaries. 
Suppose that these manifolds have the same normal {q — l)-type and admit 
normal (g — l)-smoothings compatible with /, i.e. are equal on the bound- 
ary after identifying the boundaries via /. We also assume that the normal 
B-manifold Mq U / Mi is zero bordant via a normal S-bordism W. We begin 
with the description of subtraction of tori from W. Consider an embedded 
torus S'l X in the interior of W. Join d{S'^ x 1)'?+^) with Mq by an em- 

bedded thickened arc / x D^* meeting 5(5'^ x 1?*+^) and Mq transversely in 
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{0} X L>2g and {1} x D'^'i respectively. Remove 5^ x int(L'«+^) and / x int(L>2(?) 
from W and straighten the resulting angles (compare [C-F, p. 9]). The result- 
ing manifold W' has boundary Mq^S'^ x S'^UfMi. We say that W' is obtained 
from W by subtraction of a (solid) torus. Of course, we can do the same with 
Ml instead of Mq. One can generalize this process by admitting embeddings 
of arbitrary vector bundles over 5^ instead of the trivial bundle. Then one 
stabilizes by connected sum with the corresponding sphere bundle. Also this 
generalization is useful for some classification problems (compare [Krl], [Kr2]). 

We want to do this process with a bit more care controlling the B- 
structures. Up to homotopy classes of lifts Z)'^"*"^ has a unique normal structure 
in B and we denote its restriction to 5^ by i>c (note that this "canonical" lift 
is not the constant map as 1)'?+^ C R'?+^ meets transversely in S"^). Sim- 
ilarly, we can construct a normal structure on 5"^ x D'^'^^ and wc denote its 
restriction to S'^ x S'' again by v'c- Now, we will show that, if 5'^ x {0} is zero 
homotopic in B, we can change the embedding of iS* x 1)5+^ into W, such that 
the restriction of the normal S-structurc on W to Mq^S'^ x S"' is equal to 
Mq^{S'^ X S'^, v'c)- For this, we note that the different normal i?-structures on 
S'^xD^"'"^ are classified up to homotopy by the action of iTq{F) on a fixed given 
normal B-structure, where F is the fibre of B — > BO. Since S'^ x {0} is zero 
homotopic in B we are only allowed to change the B-structure on S'^ x {0} by 
elements in the image of 7rq+i(i?0) ■Kq{F). 

Now we consider a map a : S*^ — > 0{q + l) and the twist diffeomorphism 
fa : SixDi+'^ — > SixDi+^, {x,y) — > (x,a(x) -y). 

The induced normal S-structure under this diffeomorphism on 5^ x D^+i 
is given by the action of the image of a under iTq{0{q + 1)) — > vrg(O) = 
TTq^i^BO) T^q{F) ou thc givcu i?-structurc. Since 'Kq{0{q + 1)) — > '^qiO) is 
surjective [Ste], this implies that we can always change a given embedding of 
SixD'^'^^ into W by composing it with fa for an appropriate a such that the 
induced normal S-structure on d{S'^xD'^'^^) is fibre homotopic to Uc. In the 
following wc will always assume that embeddings S^xD'^'^^ into W are chosen 
such that the normal i?-structure on 5(5'^xZ)^+^) is Vc- Then we call this a 
compatible subtraction of a torus. 

Theorem 2. Let Mq and Mi he compact connected 2q- dimensional man- 
ifolds with normal (q — l)-smoothings in a fibration B. Let f : OMq dMi be 
a diffeomorphism compatible with the normal {q — l)-smoothings. 

By a finite sequence of surgeries and com,patible subtraction of tori, a 
normal B-zero bordism of Mq Uj Mi can be replaced by a relative s-cobordism 
between Mofir(5'' x S^) and Mit)s(5« x 

Corollary 3. Under the same conditions f : OMq —i- dMi can be ex- 
tended to a diffeomorphism F : Motir(59 x S^) Mitts(5« x S^). This diffeo- 
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morphism commutes up to homotopy with the normal {q — l)-smoothings in B 
given by the normal {q — 1) -smoothing on Mi and Vc on 5^ x 5^. 

If the manifolds have the same Euler characteristic, then r = s. If the 
boundary is empty, this is Theorem C from the introduction. 

Proof. In the following we will frequently make use of homology and co- 
homology with twisted coefficients. In particular, we consider as coefficients 
the group ring A = Z[7ri(S)]. Here we assume that the space whose homology 
we are looking at is equipped with a map to B under which we pull back the 
coefficients. In particular, if the map induces an isomorphism on tti, the ho- 
mology with coefficients in A is the ordinary homology of the universal covering 
considered as a module over tti via covering translations. Note that the corre- 
sponding statement for cohomology is only true for finite tti; for infinite groups 
it is ordinary cohomology with compact support. References for homology with 
twisted coefficients are [Wh], [Wl]. 

is a relative s-cobordism if and only if 

i) 7ri(Mj) — > Tri{W) are isomorphisms for i = 0,1. 

ii) Hk{W, Mi- A) = {0} for z = 0, 1 and A; < 

iii) The Whitehead torsion r(W, Mj) vanishes for i = 0, 1 [Mi3]. 

By Proposition 4 wc can assume that D : W — > B \s a, g-equivalence. 
Since also the normal [q — l)-smoothings i>i : Mj B are g-equi valences, this 
implies i) and that ii) holds for A; < g . To kill i?g(VF,Mj; A) by a sequence of 
compatible subtractions of tori, we consider the diagram of exact sequences 

Hq^^{B,W-K) 

i 

Hg{Mi;A) ^ Hg{W;A) ^ Hg{W,Mi;A) ^ 0. 

I 

H,{B;A) 

I 


As Hg{Mi; A) Hq{B; A) is surjective, the same follows for Hq^i{B, W; A) —>■ 
Hq{W, Mi] A). Since W and Mj are compact, Hq{W,Mi;A) is a finitely gen- 
erated A-module. As v' : W —y B is a gr-equivalence, the Hurewicz theorem 
implies 

Trq+iiB,W)@ >^» Hq+i{B,W;A). 

Thus there exists a finite set of elements of 7rq+i(S, W) mapping to generators 
of Hq{W, Mo; A). The images of them in Trq{W) can be represented by disjointly 
embedded spheres with trivial normal bundle {S'^xD'^~^^)i in the interior of 
W (the normal bundle is stably trivial since these elements map to zero in 
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Trq{B) under ly and we are in the stable range, i.e. stably trivial bundles are 
trivial). As described above, join each of these embedded {S'^xD'i'^^)i with 
Mo to obtain [(S"? x D''+^)Ulx D^-?] . and subtract these tori to obtain {W, v') 
replacing [Mq^vq) by {MQ,v'Q)^r{S'^xS'^,v'c)- This leaves (Mi,z^i) unchanged. 
By general position i?' is again a g-equi valence. The fact that the classes 
{S'> X {0})i generate Hq{W, Mq; A) and the long exact homology sequence of a 
triple implies 

Hq{W, Mo U, [{SI X Di+^) U J X D^i]f,A) = {0}. 

But the latter group is by excision isomorphic to Mo#r(5'? xS"^); A). 

Thus we have killed Hg{W' , Mo#riSixSi); A) and so the pair 
{W',Mo#r{SixSi)) is g-connected. What about Hq{W' , Mi; A)? This A- 
module is stably free; i.e., the direct sum with an appropriate finitely generated 
free A-module is free: It was shown in [Wl, Lemma 2.3] that this is true if 
Hk{W, Mi; A) is trivial ioi k q and every A-module A. This holds for A; < g 
by assumption and for A; > g we have by Poincare-Lefschetz duality (compare 
[Wl, Th. 2.1]) 

HkiW',Mi;A)^H^i+^-\W',Mo#riS''xS'');A) = {0} 

since {W , Mo#r{S'^ xS'')) is g-connected. 

We want to achieve that Hq{W' , Mi; A) is actually free. For this we con- 
sider a finite set of disjoint embeddings of S'^xD'^'^^ sitting unknotted and 
unlinked in a ball 1)2'?+^ c int(VF). If we join them with Mq and subtract 
these tori, we replace Hq{W' , Mi; A) by the direct sum with a free module of 
rank the number of embedded S'^xD'^^^. 

Thus we can assume that Hq{W', Mi ; A) is free. If one distinguishes a basis 
of Hq{W',Mi;A), the Whitehead torsion t{W',Mi) is defined [Mi3, p. 378]. 
Since every element of Wh(7ri) is represented by a matrix of finite rank, the 
definition of this torsion implies that (after further stabilization) we can choose 
the basis such that the torsion vanishes. Following Wall, such a basis is called 
preferred [Wl, §2]. 

Given such a preferred basis, we have shown above that we can represent 
it by s disjoint embeddings {S'^xD''^^)j in the interior of W' . Join them with 
Ml and subtract these tori to obtain W" with 

d W" = Mo#r{S'ixS'i) U/ Mi#s(S« x 5«). 

We claim that W" is a relative s-cobordism. For this we have to check 

Hq{W",Mo#r{S' X SI); A) = = HqiW" ,Mi#s{SixSi);A) 
and the torsion of {W", Mi) is zero. 
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As above, Poincare-Lefschetz duality implies that the left homology group 
vanishes automatically if Hk{W" , Mi^siSixS'^); A) = {0} for all k. Further- 
more we know that these homology groups are trivial for k ^ q or q + 1. By 

excision the group is isomorphic to Hk{W',Mi U U;A) where U = U(>S'* x 

j 

D'^~^^)j U / X We consider the homology sequence of a triple (with A- 
coefficients) 

-> Hy+i{W', Ml UU)-^ Hy{Mi U U, Mi) 

^ Hq{W', Ml) ^ Hq{W', Ml U [/) ^ 0. 

All other homology groups in this long exact scqiicnce vanish. Hq{Mi\JU , 
Mi; A) is free with its basis given by the (S'^xjODj. This is a preferred basis 
(the Whitehead torsion of (Mi U?7, Mi) with respect to it vanishes). The image 
of these basis elements forms our preferred basis of Hq{W\Mi). 

Ah this implies that Hk{W',Mi U [/";A) = {0} for all k and that the 
Whitehead torsion of the based acyclic complex given by the exact sequence 
above is trivial. By the additivity formula of the Whitehead torsion [Mi3, 
Th. 3.2], this implies: 

t{W\ Mi#s{S'ixS'i)) = t{W', MiUU) = t{W', Mi) - r(Mi UU,U) = 0. 

By the duality theorem [Mi3], this also implies t{W" , Mo#r{SixSi)) = 0, 
finishing the proof of Theorem 2. □ 

As Peter Teichner pointed out to me, one can get an easier proof of Corol- 
lary 3 roughly as follows (a similar argument was used in the proof of [Frl, 
Th. 3]). By Proposition 4 we can assume that there is a bordism relative to 
the boundary W between Mq and Mi such that the map W ^ B is a q- 
equivalence. Then the proof of the .s-cobordism theorem implies that W has 
a handle decomposition consisting only of handles of index q and g + 1. The 
middle level of this bordism is obtained from both Mq and Mi as the result 
of surgeries on nuU-homotopic embeddings S^"^ x in Mj which replace 

Mj by connected sum with copies of x 5^. Thus Mq and Mi are stably 
diffeomorphic relative to the boundary. 



5. The main theorem for even-dimensional W 

We begin with the definition of the obstruction monoid l2q{n,w). Here tt 
is a group and : tt — > Z/2 a homomorphism, which in the geometric context 
is the first Stiefel- Whitney class. Denote the integral group ring as before by 
A = Z[tt]. Let — : A ^ A be the involution sending g G tt to g = w{g) ■ g~^. 
We will work with left A-modules but note that we can via — pass to right 
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A-modules whenever we like. In particular, the dual A-module V* of a left 
A-module V is naturally a right A-module but we consider it as left A-module. 

For e = ±1, an e- quadratic form over A is given by a left A-modulc V 
together with an e-hermitian form X : V x V ^ A and a quadratic refinement 
/7, : y — >■ A/^^_£^j. This means that A and ji have to fulfill the following 
properties: 

i) For fixed v G V the map V ^ A mapping w X{w,v) is a A-homomor- 
phism. 

ii) X{v,w) = eX{w,v). 

iii) X{v,v) = fi{v) + efi{v) G A. 

iv) ii{v + w) = fi{v) + fi{w) + X{v, w) G A/ . 

v) iJ,{x ■ v) = X • fi{v) ■ X. 

Note that iii) is an equation in A since x + ex is & well-defined element in 
A. An important special case is the e-hyperbolic form HI := i^^ _L ■ ■ ■ _L iJ^, 
r summands, where is the form on A © A with standard basis e and / and 
A(e, /) = 1, A(/, e) = e, A(e, e) = A(/, /) = and ii{e) = fi{f) = 0. 

A A-modulc V is called based, if it is finitely generated and equipped with 
an equivalence class of bases, where two bases are equivalent if the matrix of 
base changes vanishes in Wh(7r). An isomorphism between based A-modules 
is called a simple isomorphism if the matrix of the isomorphism with respect 
to the given bases vanishes in Wh(7r). 

The objects in l2q{T^,w) are represented by triples (Vq J- V Vi,A,/x) 
fulfilling: 

i) F is a finitely generated left A-module and Vq and Vi are based. 

ii) A : Vo ^ V* is an isomorphism and should induce an e-hermitian form 
Ay on V (i.e. for x and y in F we have Xv{x,y) := X{f{x),g{y)) = 
{—l)'^X{f{y),g{x)) G A) and : F — > A/(^^_^^^ is a quadratic refinement 
of this form. Here e := ( — 1)'^. 

The second condition can be reformulated as follows: The adjoint of A is 
an isomorphism A : Vb — Vi and Ay = g*Xf = {-lYf*X*g : V — >■ V*, and 
H :V ^ ■'^/(x-ei) is a quadratic refinement of Ay. 

The orthogonal sum defines a monoid structure on these objects. Particu- 
lar objects of this type are obtained from an e-quadratic form {V, A, /Lt) with V 
based by setting Vq = Vi = V and f = g = Id. In particular, the e-hyperbolic 
forms are of this type, where we base via the canonical basis e and /. In 
the definition of the quadratic refinement we can, for e = — 1, replace fi by 
fl, which takes values in the quotient A/{x — ex, 1). Everything above makes 
sense with this modification. 

Definition. The monoid hqiT^, w) is given by equivalence classes of triples 
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as above, where two such triples are equivalent if they are simple isometric after 
adding e-hyperbolic forms (of perhaps different rank) to them. If, for q odd, 
we replace /U by /i which takes values in A/ {x — ex, 1), we call the corresponding 
monoid /^^(Tr, w). 

Of course, l2q{'^-,w) depends only on q modulo 2. The notion comes from 
the geometric context. There is a submonoid coming from all e-quadratic 
forms (y. A, /Lt) with V based. This is actually an abelian group L2q{TT,w) 
which essentially is the ordinary Wall group L2q{7T,w). More precisely, the 
Wall group is given by those e-quadratic forms (V, A, n) with V based, where 
the adjoint of A is a simple isomorphism. Thus we have a homomorphism from 
the subgroup of hqiT^, w) consisting of e-quadratic forms {V, A, fi) with V based 
to Wh(7r) mapping to the adjoint of A with kernel the Wall group L|q(7r, w). 

Now we recall Wall's definition of a quadratic form on even-dimensional 
manifolds. Let be a 2Q'-dimensional compact manifold. We equip W with a 
base point and orient it at this base point. Wall [Wl, p. 44ff] defines a ( — 1)''- 
hermitian form (i.e. the conditions i) and ii) above are fulfilled) on the group of 
regular homotopy classes of immersions of g-spheres in W, denoted im.m.k{W). 
Roughly speaking, the hermitian form is given by transversal double point 
intersections which, along the two branches, are joined with the base points, 
so that the form has values in A. Similarly, he assigns to each immersion x 
an element //(a;) G A/^3,_(_i)9^j which is given analogously via self-intersection 
points. We recall this fundamental result. 

Proposition 5 ([Wl, Th. 5.2 and p. 52]). Let W be a compact 2q- 
dimensional manifold with base point and local orientation at the base point. 
Intersections define a (—1)'^ -hermitian form A : immfc(l^) x immfe(VF) 

A and self-intersections define a function /i : immfc(VF) A/ (^^_^_i^q^y If 
q > 3, an immersion is regularly homotopic to an embedding if and only if ji 
vanishes on it. 

If W is part of the boundary of some manifold X with same fundamental 
group and there are two families of disjoint immersions of spheres in W 
each of which extends to an immersion of a disk with holes, then the sum 
of the self-intersection of all immersed spheres within each family and the in- 
tersection number between the two families vanish {slogan: intersection and 
self-intersection numbers vanish for elements in the kernel of \mmkiW) — >■ 
immfc(X)). 

The function ^ is not a quadratic refinement of A but very closely related 
to a quadratic refinement. It fulfills for v,w E im.niq{W): 
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iii') A(i', v) = iJi{v) + £iJ,{v) + e{v) G A, e the normal Euler number. 

iv') ll{v + W)= H{v) + H{w) + X{V, W) e A/(x-ex} ■ 

v') n{g-v)= g- n{v) ■ g toi g e Tri{W). 

In [Wl, Th. 5.2] the last formula was stated for arbitrary a G A instead 
of 5 G TTi{W), which is not correct. But the proof shows v') and is correct. 
This function n induces a quadratic refinement on those homotopy classes 
which have stably trivial normal bundle. To explain this, we first study when 
an immersion is homotopic to an embedding with trivial normal bundle. A 
necessary condition is that the stable normal bundle of the immersion is trivial 
or equivalently, that the homotopy class a represented by the immersion is 
contained in K7rq{W) := Kerv^ : 7rq{W) — > TTq{BO). For q even, a stably 
trivial g-dimensional bundle over is trivial if and only if the Euler class 
vanishes and the group of these bundles is generated by the tangent bundle 
of S"'. Since the Euler class is controlled by the self-intersection number, one 
can for q even add in the third sentence of the proposition that the embedding 
has trivial normal bundle, if and only if the stable normal bundle is trivial. 
For q^ 1, 3, 7 odd there are precisely two stably trivial bundles of dimension 
q over S^, the trivial bundle and the tangent bundle of 5^ [K-M, p. 534]. For 
q = 1, 3, 7, g-dimensional stably trivial vector bundles over S'' are trivial. 

The map immq(Vl^) —>■ -KqiW) is surjective and its kernel is in the image 
of a homomorphism from Z or Z/2 to immq(l^) if q is even or odd [Wl, p. 44]. 
Assume that W decomposes as W'^S^ x S'^. Then there arc two immersions 
representing the diagonal of S'^ x 5^, the diagonal embedding and the con- 
nected sum of the two factors. The normal bundle of the first is the tangent 
bundle and the normal bundle of the second is trivial. The normal bundle 
of the difference of these two immersions is the tangent bundle of S'^. Thus, 
after adding an appropriate multiple of the difference of these two immersions, 
we can assume that an arbitrary immersion representing a homotopy class in 
KiTqiyV) is represented by an immersion with trivial normal bundle and, for 
g 7^ 1, 3, 7, this immersion is unique. This gives for 7^ 1, 3, 7 a splitting of the 
restriction of immq(Ty) HqiW) to the kernel of the map to 7rq{BO). We can 
now define fi on KiTqiW). By the formulas iii'), iv') and v') this is a quadratic 
refinement of A and a G K7rq(W) is representable by a compatible embedding 
with trivial normal bundle if and only if ij,{a) =0. If q = 3, 7, there is no 
unique immersion in KiVqlW) with trivial normal bundle. The difference of 
the diagonal in S"^ x S"^ and the sum of the two factors is the nontrivial element 
in the kernel of immg(VF) — > 7rq{W). It is nontrivial since /x is 1 on it. Thus 
the self-intersection is not well-defined in this case. If there is /? G 7rr+i(-B) 
with l3*$,*Wr+i 7^ 0, Wr+i G H*{BO;Z/2) the Stiefel Whitney class, we replace 
/J. by /i. Then by Lemma 2 we have again that a G KTTq{W) is representable 
by a compatible embedding with trivial normal bundle if and only if jl{a) = 0. 
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We summarize these considerations as: 

Proposition 6. For q ^ 1,3,7 the intersections and self-intersections 
define a quadratic form (A,//) on K7rq{W). The statements of the previous 
proposition hold for this quadratic form. In particular, a G KTrq{W) is rep- 
resentable by a compatible embedding with trivial normal bundle if and only if 
fj,{a) = 0. The same holds for q = 3,7 and {wq-^-i{B),Trq+i{B)) ^ if fj, is 
replaced by jl. 

Now, let Mo and Mi be {2q — l)-dimensional manifolds and / : OMq — 
dMi be a difFeomorphism. Suppose that there are normal (g — 2)-smoothings 
in a fibration B over BO compatible with /. Let W together with a normal 
5-structure P be a S-zero bordism of Mq U f Mi . Then we can by Proposition 
4 assume that j/ is a g-equivalence, W = W'^S'^ x and by Hurewicz's theo- 
rem Hq^i{B, W; A) = 7rg+i(-B, W). Thus the image under the boundary map 
d : 7rg_|_i(i?, W) 7rq{W) is a finitely generated A-module. This image is con- 
tained in K7Tq(W) and thus the quadratic form (A, fx) is defined for g / 1,3, 7. 
For q = 1,3,7 and {wq-\-i{B),'!rq+i{B)) ^ we replace /x by fl. 

For q = 1,3,7 and {wq^i{B),Trq+i{B)) = 0, we will again define a 
quadratic refinement fi, but this can only be defined on im{d : Trq^i{B, W) — > 
TTqiW)) = Ker(7rg(l^) ^ 7rq{B)), as follows. Let a € Ker{'Kq{W) TTq{B)) be 
represented by an immersion of S'^ into W. This has stably trivial and thus 
trivial normal bundle, since q = 1,3, 7. Thus wc can extend it to an immersion 
of S'^ X to W . The extension can be modified by twisting with elements 
of 7rq(0(g)) as discussed in the proof of Lemma 2. The immersion of 5"^ x D'^ 
to W induces, together with the framing of i^{W)\i^(^si) given by the normal 
^-structure, a stable framing on v{S'^)- 

We say that the immersion of 5*^ x D'^ to W is good if wc can choose an 
extension to 5"^ x D'^ in W such that this stable framing is the standard one 
coming from the embedding S*^ C D'^'^^. The good immersions form a subgroup 
of KeT{im.m.q{W) — TTq{W) iTq^B)). It turns out that this subgroup maps 
isomorphically to Kcr(7rg(M^) — > TTq{B)). The reason is that, as discussed above, 
Ker(immq(i?) — > ■Kq{B)) = Z/2 is generated by the difference of the diagonal 
in S*^ X S'^ and the immersion given by the connected sum of the two factors. 
The latter immersion is good while the diagonal is not as we will show below. 
Since 7rg(0)/7rq(0((/)) = Z/2 (see proof of Lemma 2), we can for every element x 
in Ker(7rg(W^) TTq{B)) find a unique good immersion representing it. By this 
unique good immersion we define /Lt(x) using Proposition 5. Again //(a;) = if 
and only if x is representable by a compatible embedding of 5^ x ^ W. 

To show that the diagonal A in x (for q = 1, 3, 7) admits no compati- 
ble framing, we note that the normal bundle of A in S''^ x 5^ is the tangent bun- 
dle of 5*5 and no unstable framing of the tangent bundle extends to 1?*+^. But 
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the restriction of the framing on S"^ x S"^ to A is the sum of two equal framings. 
Since the obstruction for a compatible framing is in 7rq(0)/^g(o(g+i)) = Z/2 this 
implies that there is no compatible framing on the diagonal. 
We summarize these considerations as: 

Proposition 7. For q = 3,7 and {wq+i{B),TTq+i{B)) = 0, there is 
a quadratic refinement ji of X defined on im{d : 71^^1(3, W) TTqCW)) = 
Keic{Trq{W) 'Kq{B)), and a G KiTqiyV) is representable by a compatible em- 
bedding with trivial normal bundle if and only if fj,{a) = 0. 

Now we note that Poincarc duality gives a unimodular pairing 

A : Hq{W, Mo; A) ^ Hq{W, Mi; A)*. 

As in Section 4, we conclude from Poincare duality that Hq{W, M-A) are sta- 
bly free. After stabilization of W with S"^ x S"?'s we assume that these A- 
modules are free and equipped with a basis, so that the Whitehead torsion 
of {W,Mi) vanishes. By Hurewicz's isomorphism we identify 7rg(VF,Mj) with 
Hq{W,Mi;A). The inclusions define homomorphisms / and g: 

im(d : 7Vq+liB,W) ^ ITqiW)) ^ HqiW,Mf,A)) 

and the geometric interpretation of Poincare duality implies that the intersec- 
tion pairing A induces on im(d : 7rg+i(B, W) Trq{W)) the hermitian form as 
considered above. 

Definition. For q ^ 1,3,7, ot q = 1,3,7 and ('u;q+i(S), 7rg+i(B)) = 0, we 
define, for {W,^) with the properties above, 6{W,i') G l2q{Tri{B),wi{B)) by 

eiW,i?) ■.= {HqiW,Mo;A}^imid:nq+iiB,W) 

->7rqiW))^HqiW,Mi;A),X,i^), 

where / and g are induced by inclusions. 

For q = 1,3,7 and 7rq+i(S)) 7^ we replace /U by /i in this 

definition and obtain 0{W,i>) G l2q{TTi{B) , wi{B)) . 

Here we identify 7ri{W) with 7ri(i?) and wi{B) with wi{W) : tti{W) = 
7ri(5) ^ Z/2. Let {W, u) be another normal 5-manifold with the same prop- 
erties, which is normally i?-bordant to {W, u) relative to the boundary. Then 
by Corollary 3, W and W are stably diffeomorphic relative to the boundary 
and thus 

e{W,iy) = e{W',u') G l2q{MB),wi{B)) {vespd^q{Tri{B),wi{B))). 

Thus we can define 6{W,v') for arbitrary B zero-bordisms (W,!?) of 
Mo Df —Ml by replacing by a bordism with the properties above and then 



730 



MATTHIAS KRECK 



applying the definition above. This invariant 9{W, v) depends only on the 
bordism class relative to the boundary of {W, v) . 

Remark. If the smoothings on Mj are normal fe-smoothings for some 
k > q, the invariant is contained in the subgroup L2q{'K\{B),wi{B)) and if, 
in addition, S is a finite simple Poincarc complex and the smoothings arc 
simple homotopy equivalences the obstruction sits in L2q{TTi{B),wi{B)). The 
reader might wonder, if the condition finitely generated free in the definition 
of elements in l2q{T^-,w) is necessary in the geometric context. Perhaps this is 
automatically the case for geometrically realized elements. Unfortunatley this 
is not the case, even if the bordism W is already an s-cobordism. Consider for 
example a 3-dimcnsional lens space L with nontrivial fundamental group tt and 
consider W := Lx S"^ x I. Then the normal 2-type is K{'k, 1) x CP°° x B Spin 
and the obstruction is (0 ^ iTi{W) = Z x Z ^ 0,0,0), where Z © Z is the 
trivial 7r-module. 

Definition. We call an element 9 G hqiT^jw) (resp. G /5^(7r,iu)) elemen- 
tary if and only if there is a representative (Vq ^ V Vi, X, fj,) and a based 
submodule U CV such that 

i) Uc U^, fi\u = (or = 0, if e € /^^(vr, ti;)); 

ii) U maps injectively into Vi and the image is a direct summand denoted 
Ui whose basis is the image of the basis on U; 

iii) A induces a simple isomorphism Uo {Vi/Ui)*. 

Now, we can formulate the main theorem for W even-dimensional. 

Theorem 3. Let Mq and Mi be connected (2g — 1)- dimensional mani- 
folds, g > 3, and let f : OMq — > dMi be a dijfeomorphism. Suppose that there 
are normal {q — 2) -smoothings in a fibration B over BO compatible with f. 

Let W together with a normal B -structure v be a B-zero bordism o/MqU/Mi. 
Then {W, u) is B-bordant relative to the boundary of a relative s-cobordism if 
and only if e{W,i)) € l2q{Tii{B),wi{B)) {resp. G l2q{'Ki{B),wi{B)), if q = 3,7 
and {wq+i{B),Trq+i{B)) ^ 0) is elementary. 

Proof. By Proposition 4 we can assume that i> is a g-equivalence; i.e. 
{W, is a normal (g— l)-smoothing. Then d{W, u) is defined as in the definition 
above. Since we can realize stabilization of 9{W, i>) by hyperbolic forms geomet- 
rically via connected sum with (S"^ x 5'^)'s, we can assume that for 9{W, u) = 
{Hq{W,Mo;K) ^ im(d : T^q+i{B,W) ^ T,q{W)) HqiW, Mr, A), \, f^) 
there exists a based submodule U C im{d : Trq+i{B,W) irqCW)) with the 
properties i)-iii) in the definition of "elementary" above. Choose xi , . . . ,Xk 
£ U representing the basis of U implying X{xi,Xj) = and iJ:{xi) = (resp. 
fi{xi) = 0). By Propositions 6 and 7 one can find embeddings (5^ x Di)i 
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representing Xj. Using the Whitney trick we can in addition assume that the 
embeddings are disjoint. Furthermore, we can assume that the embeddings are 
compatible with the i3-structure so that wc can do surgery with them (Lemma 
2 and Propositions 6 and 7). We claim that the resulting B-manifold {W'jT'w) 
is an s-cobordism. 

It is clear that 7ri(Mj) — > tti{W') is an isomorphism. To compute 
H^{W',Mi;A) we consider the following exact sequences with A-coefHcients. 
Write X= U (5« X Di)i 

H^+i{W',W- X) 

Id 

^ Hq{W- X,Mi) Hq(W,Mi) i Hg{W,W- X) {W- X,Mi) 0. 

I 1= 
Hq{W',Mi) Hg.i {W',Mi) 

I 


By excision, Hr iW,W-X;A) ^ Hr iX,dX;A). Thus //^ {W,W-X;A) 
is trivial except ioi r = q where it is A*^ with basis [({*} x D^, {*} x S'^~^)]i 
OT r = 2q where it is again A'^ with basis [(S** x Di)i,d]. These bases together 

o 

represent a preferred basis of iJ* (T^, — X). We note that the map Uq — 

o 

Hq{W,W — X) mapping Xi — [({*} x x S'^^^)]i is an isomorphism. 

o 

Similarly, H^:{W' W — X;A) has a preferred basis represented by X 
in dimension q + 1 and by [{D'^^^ x S'^^^)i,d] in dimension 2q. 
With respect to this basis the homomorphism 

Hg{W, Mi; A) Hg{W, W- X;A) 

is given by x — > {X{x, xi), . . . ,X{x,Xk)). If we denote the image of U in 
Hq{W, Mi] A) by Ui, the definition of elementary implies that Hq{W,Mi;A) 
splits as Ui®Hq{W, Mi ; A) /u^ and that the restriction of j to Hg{W, Mi ; A) /u^ 

is a simple isomorphism to Uq = Hg(W,W-X; A). Thus Hg_i (W- X, Mi; A) 

o 

and with it Hq-i{W' , Mi; A) vanish. Furthermore Hg{W - X,Mi;A) is iso- 

o 

morphic to C/i and if wc equip Hq{W— X, Mi; A) with the preferred basis of Ui 

o o 

then d : Hq+i {W , W - X; A) ^ Hq{W - X, Mi; A) is a simple isomorphism. 
Since H^iW^Mi) vanishes for * q, the boundary operator 

H2q{W, W - X;A)^ H2q-i {W - X, Mi; A) 

o 

is an isomorphism. If we equip H2q-i{W — X, Mi; A) with the preferred basis 

o 

of H2q{W,W — X;A), then on the one hand the vertical exact sequence is a 
sequence of based modules and the Whitehead torsion of this exact sequence 
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vanishes. On the other hand, this basis is given by SI X Si~^ which is the image 
of the preferred basis on H2q{W', W-X;A) under d : H2q{W', W-X;A) — ^ 

o 

H2q-i {W — X,Mi; A). Thus the Whitehead torsion of the vertical sequence 
vanishes, too. 

o 

Since (W,Mi) and — X) have trivial Whitehead torsion and the 

Whitehead torsion of the acyclic complex given by the based horizontal homol- 

o 

ogy sequence vanishes, the additivity formula implies that [W — X.^Mi) has 
trivial torsion. The same argument applied to the vertical sequence implies 
that {W , Ml) has trivial torsion. Thus W is an s-cobordism. 

Now, we show that is elementary if {W, i>) is bordant relative to the 
boundary to an s-cobordism {N, u). We can suppose that i> is a g-equivalence. 
If the bordism to an s-cobordism is obtained by a sequence of additions of 
handles on disjoint embeddings (S"^ x -D'^)j as above, then the considerations 
above show in turn that {W, V) is elementary. But after possibly stabilizing 
{W^V) by connected sum with [S*^ x S'^Ys, a bordism of this type always 
exists. Namely, by similar considerations (as in §4), we can transform {N,17) 
by surgeries on disjoint embeddings {S'^~^ x into a normal {q — 1)- 

smoothing {N',u). In turn {N,V) is obtained from (iV',77) by surgeries on 
{D^ X S'^)i. On the other hand, since {N' ,V) and {W,V) are bordant normal 
(q — l)-smoothings they are stably diffeomorphic by Theorem 2. This ends the 
proof of Theorem 3. □ 

Remark. If is a finite simple Poincare complex and the normal smooth- 
ings are simple homotopy equivalences then Theorem 3 is the same as Wall's 
result [Wl, Th. 6.4]. 

Remark. One can also ask for obstructions for replacing (VF, i') as in 
Theorem 3 by an ^-cobordism instead of an s-cobordism. The only difference 
in the proof of Theorem 3 is that one could drop the bases everywhere. Thus 

one would have to modify the obstruction monoids (or groups) by omitting 
the bases everywhere. This remark might be helpful in understanding the 
definition of L2q{'K,w) where we require that V be based but do not require 
that the adjoint of A be simple. 

6. The main theorem for odd-dimensional W 

We begin with the definition of the obstruction monoid l2q+i{TT,w). An 
object is represented by a half rank based direct summand F in a hyperbolic 
form of rank r on A^^. More precisely we consider for e = (—1)^ pairs (i7J, V), 
where is a based sub module of rank r in A^'' and V is a, direct summand. We 
stabilize these objects by identifying {H'^,V) with (iJJ ± Hs,V ± A x {0}). 
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Now, we use as in Wall's book [Wl] the group RU^{A) = limi?C/^(A''), where 
RU^{AJ') is generated by the flip a mapping e ef and / i— ^ e and those simple 
isometries of preserving A'' x {0} and inducing a simple isomorphism on 
A*" X {0}. The group RU^{A) acts on the stable equivalence class of objects 
{H^, V) by mapping V to A ■ V and the resulting set of equivalence classes 
is a monoid under orthogonal sum. Similarly, as in the definition of l2q, we 
obtain - for q odd - a modified monoid by passing from ji to fi with values in 
A/(x — £x, 1). We denote the corresponding group of isometries RU^{A)"". 

Definition. The monoid l2q+i{TT, w) is given by equivalence classes of sta- 
ble pairs {Hl,V), where F is a based submodule of rank r in A^*" and F is a 
direct summand and where two such stable pairs are equivalent if they are in 
the same orbit under the action of RU^{A). If, for q odd, we take the same 
objects but replace RU^{A) by i?C/^(A)~, we obtain instead /^^^(vr, itj). 

The reader should note that in the definition of pairs {H^ , V) the preferred 
lagrangian (i.e. a based half rank direct summand on which the form vanishes 
identically, a subkernel in the language of [Wl]) A^ x plays an essential 
role. We have not made this explicit in the notation since this information is 
implicitly contained in the basis of H^, but its role will become clear when we 
define elementary obstructions. 

Similarly as for hqi^^, w) we consider a submonoid of hq+iiTT, w) consisting 
of those pairs (H^, V) where A and /i arc trivial on V. This is an abelian group 
denoted L2q+i{'7T,w). To see this, one has to describe an inverse. This is a 
rather delicate point. We first note that for those pairs {H^,V) where A and 
are trivial on V there is an ^ G C/^(A) with A{A'^ x {0}) = V. Then we use 
Lemma 6.2 from [Wl] which says that A®A''^ G RU^{A). This lemma is only 
proved, in [Wl]. for A G S'[/^(A) but the same argument works for A G C/^(A). 
Thus the inverse of {H^, V) is given by {H^,A-^{A'' x {0})). 

Again we have a homomorphism L2q+i{Tr, w) Wh(7r) mapping V) 
to the Whitehead torsion of the base change between the standard basis on 
and the basis obtained from the basis ai, ... ,ar on V and dual elements 
/?!,... , (3r with A(aj, (3j) = 6i,j. The kernel of this homomorphism is by defi- 
nition the Wall group L2g_^_i{TT,w) [Wl]. 

Now, let Mo and Mi be (2q)-dimensional manifolds and / : dMo — »■ dMi 
be a diffeomorphism. Suppose that there are normal (q — l)-smoothings in 
a fibration B over BO compatible with /. Let W together with a normal 
-B-structure be a B-zeio bordism of Mq U/ Mi. Then we can by Propo- 
sition 4 assume that P is a g-equivalence; i.e., {W,i>) is a normal {q — 1)- 
smoothing. Prom this one can easily conclude that Trq{W) — > 7rg(W,Mj) 
is surjective and that the boundary operator 7rq+i{B,W) — > TTq{W,Mi) is 
also surjective. Since {B, W) is g-connected and B has finite {q + l)-skeleton 
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Trq-^i{B,W) = Hq+i{B,W;A) is finitely generated. We choose disjoint em- 
beddings (5"^ X D'''^^)i C W compatible with the S-structure representing 
generators of im(d : TTg+i{B, W) Trq{W)) and denote Ui(S'9 x -D«+^)i by U. 
We consider the exact sequence with A-coefficients: 

Hk+i{W- U,dUUMo)^HkidU)^Hk{W- U,Mo). 

Prom now on we suppose that xiMo) = x{Mi), where x denotes the Euler 
characteristic. Standard arguments in algebraic topology show (compare [Wl, 
Lemma 2.3 and p. 50]) : 

i) This sequence vanishes except for k = 0,q, 2q. In the cases k = 0,2q 
the left or right maps are obviously isomorphisms and the corresponding 
modules are free with a canonical geometric basis. For k = q all terms are 
stably free and after stabilization we equip these modules with a preferred 
basis such that the Whitehead torsion of all three pairs is 0. 

o 

ii) V := Hq^i{W — U,dU U Mo;A) is a half rank direct summand in 

Hg{dU;A). 

We denote Wi{B) := p*Wi{BO) the g*^ Stiefel- Whitney class, where p 
: B — > BO is the projection. 

Definition. For (W, u) with the properties above and cither g 7^ 3, 7 or 
g = 3,7and {wq+i{B),Tiq+i{B)) = define i>) G hq+i{'Ki{B),wi{B)) by: 

e{W,u) := [Hq{dU-K),V], 

where V is based as under i). If g = 3, 7 and (t/;g+i(S),7rg+i(S)) 7^ 0, then we 
consider OiW^v) G ^29+1(^5^) instead. 

We will show below that this invariant is a well-defined bordism invariant 
relative to the boundary. The definition of this invariant is with respect to 
Mq. Of course one could use Mi instead and would get a different invariant 
A), F') which carries the same information since V = V-^ with the 
induced basis, as one can easily check. 

Remark. If the smoothings on Mj are normal /c-smoothings for some 
k > q, the invariant is contained in the subgroup L2q-\-i{TTi{B),wi(B)) and 
if, in addition, i? is a finite simple Poincare complex and the smoothings are 
simple homotopy equivalences the obstruction sits in L2q^iiTTi{B),wi{B)) and 
is equal to Wall's surgery obstruction [Wl, 6.1]. 

Definition. We call an element 9 G l2q+i{7r,w) (resp. 9 G ^29+1 ^)) 
elementary if and only if it has a representative {H^, V) with ^©{0} x A^ = 
and the basis of V together with the standard basis of {0} x A'' is equivalent 
to the standard basis of A^''. 
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The following equivalent formulation of this definition is sometimes useful. 
A lagrangian complement of a half rank direct summand V in H{A^) is a 
based half rank direct summand V in A^^ such that A and fi vanish on V and 
V (BV = A^*" as based modules. Now 6 G hq+iiT^^w) (resp. 9 € /^^^^(-Tr, uj) ) 
is elementary, if and only if there is a representative (H^ ,V) oi 9 such that V 
and A'' x {0} have a common lagrangian complement. 

Next, we can formulate the main result for W odd-dimensional. 

Theorem 4. Let Mq and Mi he connected 2q- dimensional manifolds 
{q > 2) with the same Euler characteristic and f : OMq — ^ dMi be a dif- 
feomorphism. Suppose that there are normal (q — \)-smoothings in a fibration 
B over BO compatible with f. Let W together with a normal B -structure V 
be a B-zero bordism of Mq Uj Mi. Then 9iW,i') G l2q+i{'Ki{B),wi{B) {resp. 
9{W,u) G l^^^i{ni{B),wi{B), if q = 3,7 and {wg+i{B),Tr,+i{B)) ^ 0) is a 
bordism invariant relative to the boundary and [W, 9) is bordant relative to the 
boundary to a relative s-cobordism if and only if9{W,i') is elementary. 

Proof. Let {W, u) be a normal {q — l)-smoothing. Consider a fixed set 
of generators xi, ... , of im(7rq_|_i(i?, W) — > -KqiW)) and represent them by 
compatible embeddings (S"^ x Wc first discuss the effect of a change 

of the framings (compatible with the -B-structure). They correspond to com- 
position with diffeomorphisms 5^ x — 5^ x D'^'^^ mapping {x,y) to 
{x,a{x) ■ y) for an appropriate map a : S"^ ^ 0{q + 1). Such a composition 
leads again to a compatible embedding if and only if a G TTq{0{q + 1)) = 
TTq+iiBOiq + 1)) maps to under T:q+i{BO{q + 1)) ^ -Kq+iiBO) Trq{F), 
where F is the fibre of S — > BO (see proof of Lemma 2) . The induced map on 
Hq{S'^ X 5^; A) maps e-\- deg(pQ!) • / and f f, where p is the evaluation 
map SO(g + 1) ^ 5"^. For q ^ 1,3,7 the degree deg(pa) is always even and 
thus the induced map in homology is contained in RU^{A), showing that the 
invariant 9{W, u) does not depend on the choice of the compatible framing. If 
q=l,3, 7, there is an a with deg(/oa) = 1. The degree deg(pQ:) is mod 2 equal 
to {wqj^i{Ea), [5''?+^]), where is the vector bundle over S'^'^^ corresponding 
to a. Thus, if there is no element in 7rq+i(i?) on which Wqj^i evaluates nontriv- 
ially, i.e. (it;g_|_i(i?), 7rq+i(i?)) = 0, then the composition with the corresponding 
diffeomorphism is not compatible, since a G TTq{0{q + 1)) = 'Kq+i{BO{q + 1)) 
maps nontrivially under TTq+i{BO{q + 1)) — > 7rq^i{B0) — > 7rq{F). Thus again 
only those changes of framings are possible where the induced map in ho- 
mology is contained in RU^(A) showing that the invariant 9{W,i?) does not 
depend on the choice of the compatible framings if {wq+i{B),TTq-^i{B)) = 0. 
On the other hand if {wq-\-i{B),Trq-^-i{B)) ^ 0, then there is a compatible 
change of framing whose induced map in homology Hq{S'^ x S'^;h) maps 
e ^ e + f and f ^ f- This is not contained in RU^{k) but in RU^{A)"" 
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and so in the case {wq+i{B),7rq-\-i{B)) ^ 0, the invariant is only weh-defined in 
l2q^i{T^i{B),wi{B)). An easy consideration shows that RU^{K)"' is generated 
by the isometrics mapping Cj i— > + f-i and /j i— > fi and by RU^{A). For the 
rest of the argument keep in mind that we can reahze the map Cj Ci + fi 
and fi I— > fi by the change of framing above. This is the only place where the 
argument for q = 3,7 and {wq-^-l{B),7^q+l{B)) ^ differs from the other cases. 

The rest of the proof goes along the same scheme as in [Wl, §6]. The 
embeddings (S"^ x {0})i are uniquely determined by Xi up to regular homotopy, 
i.e. an immersion of 5"^ x / into W extending the two embeddings. By the 
same argument as in [Wl, p. 58], the invariant 9{W) changes by the action of 
an element in the subgroup of RU^{A) given by those isometrics fixing A*^ x {0} 
identically. By choice of an appropriate regular homotopy each element of this 
subgroup occurs. 

Thus the invariant is described once a set of generators of im(7rq+i(i?, W) 
— > 7rq{W)) is chosen. To show that it is independent of the set of generators, 
it is enough to show that it is the same for xi, . . . ,Xk and xi, . . . ,Xk,0 and 
for xi,... ,Xfc,0 and xi, . . . ,Xk,y for an arbitrary y in im{TTq^i{B,W) — > 
7rq{W)). For, then we can inductively go from one set of generators to another 
one, if we also allow permutation of the generators, something that does not 
change the equivalence class. The first step corresponds to changing the invari- 
ant by stabilizing (note that we have a slightly different convention from [Wl] , 
where Wall stabilizes instead by a). The second step can, using permutations, 
be replaced by a sequence of one of the following steps: replace the first element 
by its product with ±g for some g G 7ri(5) or replace the first element by the 
sum of the first two elements. Obviously, neither step changes our equivalence 
class. The first changes the obstruction by the isomctry mapping ei i-^ zizg ■ ei, 
fi ±'Wi{B){g) ■ fi and fixing Cj and fi for i > 2. The second corresponds 
to changing by the isometry mapping ei i— > ei + 62, 62 1-^ 62, /i 1— /i and 
/2 /2 — /i and fixing and for ? > 2. Thus we have shown that for fixed 
W the invariant 0{W, v) is independent of all choices. 

Now, wc show the bordism invariance. We first note that surgery on 
{S'i X Di+^)i replaces e{W,v) by the action of 

C ■ 

Vo ' 1/ 

On the other hand, if W and W are bordant relative to the boundary 
under a highly connected bordism, then one can pass from W to W' by a 
sequence of surgeries where the cores of the embeddings S'^ x 1?*+^ represent 
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classes in im.[-Kq+i{B,W) — > -KqCW)), and the surgeries are compatible with 
the S-structure (compare [Wl, p. 61]). As we are free in the choice of our 
system of embeddings representing generators of im{TTq-^-i(B ,W) — > TTg(W)) 
we can assume that the surgeries arc all performed on (S'^ x Z)^"'"^)'s contained 
in U, proving the bordism invariance. 

Now, we want to show that if is elementary, W is bordant relative 

to the boundary to an s-cobordism. For this we first show that if we apply the 
action of an element of RU^{A) to {Hq(dU; A),V) the resulting pair is equal 
to (Hq{dU'; A), V') for some {W, v'), which has the same properties as W and 
is bordant to W relative to the boundary. The action of RU^{A) corresponds 
on the one hand to stabilization which can geometrically be realized with the 
same W by adding to U an embedding S'^ x D^"*"^ which is contained in a ball 
D'iq+i C W disjoint to the other embeddings. On the other hand we have to 
realize the action of an element a G RU'^^A). The group RU^(A) is generated 
by the following isometrics: (a) the flip a, (b) permutation of the hyperbolic 
summands, (c) the isometry mapping ei i— > ±g ■ ei, fi i-^ ±wi{B){g) ■ fi and 
fixing Ei and fi for i > 2, where g G iti{B), (d) by the isometry mapping 
ei ei + 62, 62 1-^ 62, /i 1^ fi and /2 ^ /2 — /i and finally (e) by the 
isometrics mapping i-^ ei and fi^fi + Yl ^ij^j^ where Cij = ecji and ca is of 
the form Ci — eci [Wl, pp. 57-60]. We have to realize all these transformations 
geometrically, (a) The flip interchanging Ci and fi corresponds to carrying out 
surgery on {S'^ x D'^^'^)i so that W is replaced by W' , which has the same prop- 
erties as W and is bordant to W relative to the boundary, (b) Permutation 
corresponds to permutation of the components of U. (c) This transformation 
corresponds to the action of vri on generators of im(7rg+i(B, W) — > iiqiW)). 
(d) This corresponds to a base change of im(7rg+i(i?, W) — > TTq{W)) replacing 
{S'^ X D'i~^^)i by the fibre bundle connected sum with {S'i X D'i+^)2 and leaving 
the other embeddings unchanged, (e) These transformations form the sub- 
group given by those isometrics fixing A*^ x {0} identically and as mentioned 
above Wall shows that one can realize this action by changing the embeddings 
through appropriate regular homotopies. 

By these arguments we can now assume that we have found a W in 
the S-bordism class relative to the boundary of W such that the invariant 
{Hq{dU'; A),V') has the property: V {0} x A^ = A^^ = Hq{dU'\ A) and the 
basis of V' together with the standard basis of {0} x A*" is equivalent to the 
standard basis of A^*". We claim that then W' is an s-cobordism. For this we 
consider the exact sequences with A-coefHcients (see Figure 1.) 

Since all other homology groups of [W, Mq) vanish and 7Ti{Mj) = 7Ti(W), 
W is an s-cobordism if and only if the map Hq^i{U' ,dU'; A) — >■ Hq{W — 

o o 

U',Mq;A) is a simple isomorphism, where Hq(W — U',Mq;A) is based 
in such a way that the vertical sequence has trivial Whitehead torsion. But 
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Hg+i{W- U',MoUdU' 



■',dU') 



1= 
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-» Hq+i{W,Mo) Hq+l{W,W- U') Hq{W- U',Mo) 



Hg{W,Mo) -» 0. 







Figure 1. 



Hq+i{U\ dU'\ A) maps in Hg{dU'; A) injectively to the based submodulc with 
basis fi, thus to {0} x A*" with the canonical basis. Then the fact that in the 



vertical sequence the image of Hq^i(W — U',Mq U dU';A) in Hq{dU';A) is 
V and that V {0} x A'' = A^'' = Hg(dU';A) and the basis of V together 
with the standard basis of {0} x A^ is equivalent to the standard basis of A^'' 
implies the desired statement. 

To finish the proof we have to show that if in turn (W, V) is bordant relative 
to the boundary to an s-cobordism, then 0{W,V) is elementary. Obviously this 
is the case if W is an s-cobordism and the statement follows since the invariant 
is a cobordism invariant. □ 

Remark. If i? is a finite simple Poincare complex and the normal smooth- 
ings are simple homotopy equivalences then Theorem 4 is the same as Wall's 
result [Wl, Th. 5.6]. 

Remark. One can also ask for obstructions for replacing (W, v) as in Theo- 
rem 4 by an ^-cobordism instead of an s-cobordism. As in the even-dimensional 
case the only difference in the proof of Theorem 4 is that one could drop the 
bases everywhere. Thus one would have to modify the obstruction monoids (or 
groups) by omitting the bases everywhere. This remark might be helpful in 
understanding the definition of L2g+i(7r, w) where we require that V be based 
but do not require that the base change between the standard basis on and 
the basis obtained from the basis ai , . . . ,ar on V and dual elements /?i , . . . , /?r 
with \{ai,f5j) = 6ij be simple. 
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7. Analysis of obstructions in hq+i under some stability assumptions 

The aim of this section is to prove that in the situation of Theorem 4 the 
obstruction ^?(TV,!7) € l2q+i{TTi{B),wi{B)) is elementary if B is simply con- 
nected and q odd, or q even and Ker(7rg(Mo) 'Kq{B)) splits off a hyperbolic 
plane i?+(Z), or if tti{B) is finite and Ker(7rg(Mo) T^qiB)) splits off two 
hyperbolic planes: iJ(_i)g(A^). We only discuss obstructions in hq+i and leave 
the obvious modifications for the case of obstructions in ^2g+i reader. 
Denote e = (—!)''• Recall that a lagrangian complement of a half rank direct 
summand V in H^^A^) is a based half rank direct summand V in A^^ such that 
A and fi vanish on V and V ®V = A^^ as based modules. We begin with the 
following proposition: 

Proposition 8. For W as in Theorem 4 write d{W,V) = (HsiA^), V). 

i) There is a surjective isometry of quadratic forms 

V KeriiTgiMo) WgiB)). 

ii) Let TT : S — > Ker(7rq(Mo — > ■Kq{B))/iad be a surjection from a free based 
A-module, where rad is the radical consisting of all x with X{x, y) = for 

all y and fi{x) = 0. Equip S via vr with a quadratic form. Then there is 
an isometric embedding of S into a half rank direct summand of H^i^A^) 
and p G L2q+i{TTi{B),wi{B)) such that 

e{w,v) = [Hem.s]+p. 

iii) // {H^{A'),V) has a lagrangian com,plem,ent, then there is a p & 
L2q+i{TTi,wi) such that {Hi;{A^'),V) 1. p is elementary. 

Proof, i) Consider the sum of boundary operators 
Hq+i{W- U,dU U Mo; A) ^ Hg{dU, A) ®Ker {iTqiMo) ^ TTqiB)). 

o 

The first component di of this map maps Hq^i{W — U, dU U Mq; A) iso- 
morphically to V and the second component d2 is surjective since U generates 
Ker{TTq{W) — >■ TTq{B)). By Proposition 5, A and p vanish on image (^1,^2). 
Thus d2di^ : V — > Ker(7rg(Mo) TTq{B)) is a surjective isometry by the fact 
that, since dU and Mq are disjoint, intersection numbers between cycles in 
them are zero. 

ii) Suppose 9{W,V) is {H^{A^),V) with isometric projection 

p:V — >K ■. = KeT (iTqiMo) Trq{B))/Tad 

as in i). After perhaps stabilizing 9{W, V) by orthogonal sum with {Hs{A^), A* x 
{0}) we construct a surjective homomorphism V — > S commuting with the 
projections p and tt. Prom this, one obtains, after adding to V the module S 
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with the trivial map to S and using a splitting of F © 5 S, a commutative 
diagram ^ 

v®s ^ sev 

\p + /tt + O . 

K 

Pull the quadratic form on K back via p + and tt + to obtain quadratic 
forms such that $ is an isometry. After perhaps stabilizing V further and 
composing with an appropriate automorphism of V on the right side, one can 
assume that <1> is a simple isometry. 

Choose a simple isomorphism S ^ and identify the trivial element in 
l2g+i{7ri{B),wi{B)) given by {H,{A'),A' x {0}) with {H,{S),Sx {0}). Then 

e{W,V) = [H,{A^),V] = [H,{A^-),V] ± [H„{V,),Sx {0}] 
= [H,{A^+', V(BS] = [//,(A"+"), $-^(5 © V)], 

where on the right side the form on 5 © y is induced by tt + 0. In particular, 
S is orthogonal to V. 

Since the quadratic form vanishes on ^~^{V) and this is a direct sum- 
mand in A^^''^*), we can embed ^~^{V) into a lagrangian and, since the 
group of isometrics of a hyperbolic form acts transitively on the lagrangians, 
there is an isometry A such that A^~^(y) = (ei, . . . , e^). After perhaps em- 
bedding S differently into 5 © F by an isometry we can assume A^~^{S) C 
(ei,... ,er,;/i,... ,fr)^. Thus, 

[H,{A^+'),A{^-\S®V))] = [H,{A'),A^~\S)]. 

On the other hand, if B is an isometry of iJ(A*) and U C H^{A^) is a 
based half rank direct summand, then 

[i7e(A*), B{U)] = [i?e(A'*), (Id e B)(A* X {0} © {0} x U)] 
[H^{A^*), {B © Id) (A* X {0} © {0} X U)] 

= [/f,(A*),5(A*x{0})]±[iJ,(A'-),C/] 

and with this we obtain 

[He{A^+'),A{^-\S®V))\ 

= [H,{A^+'),A{A^+' X {0})] L [H,{A^+'),^-^{S®V)] 

and the first summand is in L2q+i{TTi{B),wi{B)). 

iii) Let F be a lagrangian complement of V . Then there is an isom- 
etry A mapping V to {0} x A^. Thus [Hf,{A^), AiV)] is elementary and 
[H,{An.A{V)] = [H,{An,V] ± [H,{A-,A{A- x {0})] = [H.iA^.V] ± p 
with p G L2q+l {tti,wi). □ 



Now, we prove the theorem announced at the beginning of this section. 
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Theorem 5. For W as in Theorem 4 there is another bordism W be- 
tween the same ends such that 6{W' is elementary if one of the following 
conditions is fulfilled. 

i) q odd and B \- connected, 

ii) q even, B 1-connected and Ker (7rg(Mo) '7rg(i?))/rad splits Ojff i7+(Z). 

iii) Tri{B) is finite and Ker (7r5(Mo) — >■ TTq{B))/,.i^ splits ojf H^{A^). 

Corollary 4. Let Mq and Mi be 2q- dimensional manifolds, with the 
same Euler characteristic, which admit B-bordant normal {q — l)-smoothings 
in a fibration B over BO. Then they are diff'eomorphic {homeomorphic if 
q = 2) if one of the conditions i), ii) or iii) is fulfilled. 

The statement under condition iii) was, for q = 2, proved in [H-Kl]. A 
similar argument holds in higher dimensions. 

Proof. The main ingredient is the following proposition which is a conse- 
quence of a result by Bass [Ba2] . 

Proposition 9. Let V be a submodule of LLe{J^^) and let Hi be equal 
to He{A). If either q is odd and tti = {0}, or q is even, tti = {0} and V = 

V' _L H^ilj) or TTi is finite and V = V' -L H£{Is?) then for each hyperbolic 
plane H C V J- Hi there is an element A of RU^{K) and so an isometry {after 
stabilization if required) of H^{N^) _L Hi mapping H to H\ and V A- Hi to 
itself. 

Proof. In the case of finite nontrivial tti the result follows immediately 
from [Ba2, Cor. 3.5, p. 236] when we note that the group Gi (in this corollary), 

which acts transitively on the hyperbolic planes, is contained in RU^{A) and 
preserves V 1. Hi. In the case of tti trivial one uses the fact that RU^{A) is 
the full group of isometrics [Wl, Th. 13A.1]. Thus one only has to find some 
isometry mapping H to Hi. This can be done using transvections [Ba2, p. 91] 
which are isometrics given by two elements u and v with (n, v) = 0, (n, n) = 
and {v, v) = 0: 

o'u,v{x) := X + {v, x)u — { — \y{u, x)v. 

We begin with the case q odd. If H and Hi are equipped with standard bases e, 
/ and ei , fi write e = x + aei + bfi with x eV. Since the group of isometrics 
of Hi is SL2(Z), we can assume 6 = 0: e = x + aei. Write f = y + bei + cfi. 
Now, CTg (/) = y' + (6 + rca + r)ei + c/i. Thus we can assume (b, c) = 1 and 
after applying an appropriate isometry of Hi obtain / = y + ei. Applying 
maps / to ei. Thus we can assume / = ei and write e = x + aei + bfi. 
Since (e, /) = 1, we have e = x + aei — fi- Replacing e by e — a/ and making 
another base change we can assume e = ei, f = y + fi. Applying Cy l^ maps e 
to ei and / to /i, finishing the case q odd. 
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In case q is even write V = V A- H2 and equip H2 with the standard basis 
62, /2- Since the group of isometries of Hi _L H2 acts transitively on unimodular 
elements of fixed length [Ba2, Th. 3.4] we can assume e = x + k{e2 + a/2) with 
X e v. 

Since e is a unimodular element in V' _L Hi there is z ^ V 1. H2 with 
(e, z) = 1 and {z, z) = 0. Then (Jz-ei{e) = e + ei. Using again the transitive 
actions of isometries of Hi _L H2 on unimodular elements of fixed length, we 
can assume e = x + ei + 62 + r/2. Application of cf~]_^ .f r maps e to ei. 
Thus we can assume e = ei and write f = y + aei + /i + be2 + c/2. Now 
consider the isometry which is the identity on V' and on Hi _L H2 maps 
oei + /i + 6e2 + c/2 to /i + (6c + a)e2 + /2, ei to ei, €2 —>■ e2 + (c — l)ei and /2 
to /2 + (?) — a — 6c) ei. After applying this isometry we can assume e = ei and 
f = y + fi + {bc + a)e2 + f2- We finish by applying cr^+(bc+„)g2+/2ji> mapping 
e to ei and / to /i + aei. □ 

Now, we use this proposition to finish the proof of Theorem 5. By The- 
orem 2 there are a k and a relative s-cobordism between Mo^k {S*^ x S'^) and 

After perhaps modifying W by disjoint union with a closed {2q + 1) - 

dimensional i?-manifold X to obtain W' we can assume that the relative B- 
bordism W' U k {S'' x x /) glued along k disjoint embeddings of I x 

with {0} X L>2g c Mq and {1} x D^g (- jg S-bordant relative to the 
boundary to the s-cobordism. Thus 9 {W'Uk (5^ x D'^'^^ xl),i?) is elementary. 
But e{W' U k{S'^ X Di+^ X /),I7') = 0(VF',!7') ± {Hs{A^''),Hs{A^)), where 
the embedding of Hg{A^) into H^{I^^) is the orthogonal sum of isometric 
embeddings H^{K) into //^(A) ± H^{K). We denote //^(A) in H^{K) ± //^(A) 
by i?i and split He{K) ± i?£(A) = Hi ± H2. 

With the proposition above we first show inductively that OiW',!?') = 
{He{A^),V) has a la grangian complement. From Proposition 8, ii) we know 
that V fulfills the assumptions of Proposition 9 above. Assume that 9{W' , u') ± 
{Hi ± H2,Hi) has a lagrangian complement. Let F be a hamiltonian comple- 
ment ofV ± Hi. Let ei, fi be a symplectic basis of H^. Write 62 = Xe + Ve with 
Xe & V J- Hi and ye & V and /2 = xj + yf with Xf € V -L Hi and yf G y. 
Then and —Xf arc the symplectic basis of a hyperbolic plane H inV 1. Hi. 
Namely, using X^y^ye) = 0, since V is a lagrangian, wc conclude: 

= X{Xe,ye) = A(Xe, ye) + A(Xe, Xg) = A(Xe, l/e) + A(e2 - ye, 62 - ^e) 
= A(Xe, ye) - A(e2, 2/e) - A(ye, 62) = A(Xe, ye) - A(Xe, ye) - HVe, Xe) 
= -KVcXe). 

Again using = X{xe,ye) + A(xe,,Te), wc conclude: A(xe,Xe) = 0. Similarly 
X{xf,Xf) = 0. Using X{ye,yf) = and = A(x/,e2) = X{xf,ye) + X{xf,Xe) 



SURGERY AND DUALITY 



743 



and = A(xe,/2) = M^e,yf) + A(xe,x/) we conclude: 

1 = A(e2, /2) = KVe, Xf) + X{Xe,yf) + X{Xe,Xf) 

= -X{Xe,Xf) - X{Xe,Xf) + X{Xe,Xf) = -X{Xe,Xf). 

Now, let A be an isometry as in Proposition 9 above. Then V' 
:= (A ± Id){V) is another lagrangian complement of _L Hi. Denote B 
:= ker(y' Hi) and check that V' = B ± {ei - 62, fi - /2). Thus 5 is a 
lagrangian complement of V. 

By Proposition 8, iii) and the vanishing of L2g+i({e}) [Wl] the proof 
that TTi is trivial is finished. In case tti is nontrivial finite, the existence 
of a lagrangian complement implies that there is an isometry A such that 
[Hs{A'^), A{V)] is elementary. Under the assumption that V = V -L H, where 
H = H^{h?), we will show that there is an isometry B G RU^{A) such that 
BA^f^± = Id. In particular BA{V) = V and so [Hs{A'^),V] is elementary. 

The existence of B follows again from [Ba2, Th. 3.5, p. 236]. That is, 
we choose a symplectic basis ei, fi, . . . , 6^-2, fr-2 of if"*" and apply this result 
inductively to find a, B e RU^{A) such that BA{ei) = and BA{fi) = fi. □ 

Now, we prove Theorem E. Recall the surgery sequence: 

[S(M),G/0] ^ L^2g+i{MM),wi{M)) ^ SiM) ^ [M,G/0] 

where S{M) is the set of ismorphism classes of pairs f : N ^ M, f a (lo- 
cal) orientation-preserving simple honiotopy equivalence [Wl]. The quotient 
7ro(Aut^(M))/7ro(Diff(M)) embeds into S{M) under the obvious map. Thus 
we consider 7ro(Aut''(M))/7ro(Diff (M)) as a subset of S{M). This subset is pre- 
served by the action of the L-group. Namely, the action on S{M) assigns to 
G L2g_^_i{TTi{M),wi{M)) and a simple homotopy equivalence from M ^ M 
a simple homotopy equivalence f : N ^ M which is over M normally bordant 
to the given simple homotopy equivalence M — >■ M. Since M fulfills the prop- 
erties of Theorem 5, there is a diffeomorphism g : M ^ N. Thus f : N ^ M 
is in S{M) equal to f ■ g : M ^ M. Thus we obtain the exact sequence of 
Theorem E. 

We finish this section with a proof of Theorem F. The normal 1-type 
of a topological spin 4-manifold M with fundamental group Z is B = x 
B TOPSpin — > B TOP (we work here in the topological category and thus 
we replace BO by i?TOP and BSpin by the 3-connected cover i? TOPSpin 
over 5 TOP). A normal 1-smoothing is determined by the choice of a spin- 
structure and a generator of 7ri(M). The bordism group Q,4{B) is equal 
to J]J°P^P'°(5i) ^ J^JOPSP^" e J^™PSP^° ^ Z determined by the signature 
[F-Q]. Thus any two closed topological Spin 4-manifolds with the same signa- 
ture are i?-bordant and the obstruction for finding a topological s-cobordism 
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sits in hCZ) (Theorem 4). Since the signature is determined by the intersec- 
tion form on 7r2(M), two such manifolds with isometric intersection forms are 
S-bordant. To analyse the obstructions in l^iZ) we first note that 7r2(M) is a 
free A = Z[7ri(M)]-modulc. For this ring A, stably free modules are actually 
free [Bal]. Thus, it is enough to show that it2{M) is stably free. Now we note 
that replacing M by M#CP^ changes 7r2(M) by adding A. Thus, it is enough 
to show that 7r2(M#Cp2) is stably free. The normal 1-type of M#CP2 is 
B' = S'^ X BSTOP STOP, where SSTOP is classifying space for stable 
topological oriented vector bundles. 1^4(5') = r2j'-*^(S'"'^) = Z x Z/2 where the 
isomorphism is given by the signature and the Kirby-Siebenmann obstruction 
[F-Q]. Thus, M#CP^ is stably homeomorphic to x S^#rCP'^, where r is the 
signature of M#CP2 (Theorem C). Since 7r2(S'^ x S^#rCP^) is free, 7r2(M) 
is stably free and thus free. 

Now we apply Proposition 8, ii). Modulo the sum with an element of 
L^{Z), the obstruction 0(VF,!7) for a B-bordism W between two such mani- 
folds Mq and Ml with the same intersection form on 7r2 is given by an iso- 
metric embedding of (7r2(Mo), A, /i) into /^^(A^), where r = rank tt2{Mq). 
If we replace Mq by Mi in the definition of 6{W,T') we obtain an embed- 
ding of (7r2(Mi), — A, — //) into H^{K^) which is the orthogonal complement 
of (7r2(Mo), A, )u) in H^{AJ'). Thus, we have an isometric embedding of 
(7r2(Mo),A,/7,) _L (7r2(Mi),-A, -At) into -f/"e(AO- Now 7r2(Mo,A,/x) and 
(772 (Ml), A, /x) are isometric and this form is unimodular, which implies that 

H,{K') ^ (7r2(Mo), A, m) ^ {t^2, (Mq), -A, -/i). 

Then the diagonal embedding of 7r2(Mo)is a lagrangian complement, and we 
obtain from Proposition 8, iii) that 9iW,V) is elementary modulo the sum with 
an element of L^iX). The Wall obstruction group L^iZ) is isomorphic to Z 
[Wl, Th. 13A.8]. Replacing W by the connected sum of W with xr-M{Es), 
where M[Es) is the closed Spin 4-manifold with signature 8 [F-Q], wc can for 
appropriate r modify 6{W,i?) by an arbitrary element of L^['L). Thus we can 
assume that OiyV, v) is elementary and by Theorem 4 this finishes the proof of 
Theorem F. 

Remark. Working with the normal 2-type instead of the normal 1-type, 
one can show for all oriented closed 4- manifolds with infinite cyclic fundamental 
group that any isometry between the intersection forms on 7r2 can be realized 
by a homeomorphism provided that in the nonspin case the Kirby-Siebenmann 
obstructions agree. 

Furthermore, one can classify the pseudoisotopy classes of these homeo- 
morphisms. This problem was studied in [F-Q] and[S-W] but the answers there 
are slightly incorrect. An analysis using the methods developed in this paper 
will be given in [Kr-Te]. 
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8. Applications to complete intersections 

In this section wc want to prove Theorem A. Wc begin with a reformula- 
tion. If i : — > CP°° is the inclusion, the normal bundle of is i*^{n, 5) 
where ^(n, 5) = -{n + r + 1) ■ H ® H'^^ © • • • © H'^''. Since i* is injective in 
cohomology up to dimension 2n and is determined by the total degree d, the 
Pontrjagin classes of two complete intersections Xg and Xg, with the same 
total degree are equal if and only if Pi{^{n, 5)) = Pi{C{n, 5')) for 2i < n. 

Our first step is to note that if pj(^(n, (5)) = Pi{^{n,5')), the two com- 
plete intersections have the same normal (n — l)-type. In Proposition 3 we 
determined the normal (n — l)-type of a complete intersection X" ss B = 
£poo ^ j^o{n + 1)@ > ^{n, S) (Bp» BO. Two such normal (n - l)-types are 
equal, if the restrictions oi^{n,6) to CP'"/^', then-skeleton oiCP°°xBO{n+l) 
are stably isomorphic. For m 7^ 2, 3 mod 8 two stable real bundles over CP™ is 
stably isomorphic if and only if they have same Pontrjagin classes pi,... ,P[m/4] 
[Sa]. Since we also control P[n/4]+i, the equality of the Pontrjagin classes 
Pi{^{n,6)) for 2i < n implies that the restriction of C{n,6) to CP'"/^', the 
n-skeleton of CP°° x BO{n + 1) is stably isomorphic. 

If n is odd we have by Corollary 4 only to show that Xg and Xg, admit 
S-bordant normal (n — l)-smoothings. If n is even we can apply this corollary 
only if Ker(7r„(X^) 7r„(i?))/i.ad splits off a hyperbolic plane. Denote the 
Poincare dual of x"/^ hj h E Hn{X'g;'L). Then by the Hurewicz theorem 
Ker (TTnCX^-) ^ 7r„(P))/rad = h^- If K{X^) - \s^g^{X'^)\ > 4 one can find a 
hyperbolic plane in h-^. But for n > 3 the only complete intersections with 
bn/2{X^) - |sign(X^)| < 4 are X^, X^, and X('*2,2) [L-W2]. We summarize 
these considerations as: 

Proposition 10. Two complete intersections Xg and Xg, of complex 

dimension n > 2 are diffeomorphic if and only if the total degrees, the Pontrja- 
gin classes and the Euler characteristics agree and they admit bordant normal 
{n — l)-smoothings in B. 

The next step is to show that the total degree and the Pontrjagin classes 
determine the element in Vt2n{B) Q. This is a standard application of the 
collapsing of the Atiyah-Hirzebruch spectral sequence over Q. 

Thus the difference of two complete intersections Xg and Xg, of com- 
plex dimension n > 2 with the same total degrees and Pontrjagin classes 
equipped with appropriate normal (n — l)-smoothings is a torsion element in 
^2n{B). Using the Pontrjagin-Thom construction we identify this group with 
'^2n{M^{n,5) A MO{n + 1)), where M^(n, (5) is the Thom spectrum of the 
bundle ^{n,S) and MO{n -|- 1) is the Thom spectrum of the pullback of the 
universal bundle over the n-connected cover of BO. Now, one can use the 
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Adams spectral sequence to analyze these groups. The key point is that there 
is a vanishing line for the Adams spectral sequence, meaning that if a torsion 
element has sufficiently high Adams filtration, then it is actually trivial. The 
mod p Adams filtration of the image of an clement under a map inducing the 
trivial map in Z/p homology increases by at least one. Using the inductive 
construction of complete intersections one can determine an upper bound of 
the mod p Adams filtration depending on how many powers of p divide the 
total degree. Combining this with the vanishing line leads to Theorem A. The 
details of this idea were carried out by Claudia Traving following suggestions 
by Stephan Stolz. In the following we will discuss this in more detail. 
Write the total degree d = Hp prime 

Proposition 11 [Tr]. The mod p Adams filtration of equipped with 
an appropriate normal (n — 1) -smoothing is at least Vp{d). 

One can actually show that this is the precise filtration which in any case 
is independent of the normal {n — l)-smoothing since these smoothings only 
differ by the action of Aut(i3) which preserves the filtration. 

The proof uses an obvious translation of the process of taking the trans- 
verse intersection of manifolds into stable homotopy via Pontrjagin-Thom con- 
struction. We first note that a complete intersection actually admits a normal 
(n - l)-smoothing in the fibration ^(n, 5) : CP°° = CP°° x BO{oo) BO, 
since the normal bundle is a pullback from a bundle over CP°°. From this 
structure we obtain a normal (n — l)-smoothing over B by factorization of 
^{n,6) : CP°° — > BO over B. Using this structure we consider Xg via 
Pontrjagin-Thom construction as an element of M^{n,S). Consider the map 
fd^ : M^{n, {di,. . . , dr-i)) — >■ S^(M^(n -|- 1, (di, . . . , dr)) induced by inclusion 

-{n + r + l)H®H'^^ H'^-^ ^ -{n + r + 1)H ® H'^^ ® ■ ■ ■ ® H'^- 

(note that we assume that the Thom class of a Thom spectrum sits in dimension 
explaining the occurrence of S^). This maps the element corresponding to 
-^{di^ d i) element corresponding to ^ y Thus we are finished 

if increases the mod p Adams filtration at least by Vp{dr). For this, one 
factors further. Write dr = IlKKt consider the map 



induced by the Sj-fold tensor product mapping H^^i<i-^ to H^^i<i ^\ If p\sj 
this map is trivial in mod p-homology and thus increases the Adams filtration. 
On the other hand we can write /^^ = gt ■ ■ ■ ■ ■ 9i ■ fi and thus fd^ increases the 
mod p Adams filtration at least by i'p{dr). 



gj : M^{n, di 



...,dr-i, Y[ Si) ^ M^{n,di,... ,dr-i,Y[si) 
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The final step is to show that torsion elements of sufficiently high filtration 
vanish. 

Proposition 12 [Tr]. Let and Xg, be complete intersections with 
n > 3, the same total degree d and equal Pontrjagin classes. Ifup{d) > 2^p-i) + 
1 for allp with p{p—l) < n+1, then X^^ and X'g, are, with respect to appropriate 
normal (n — 1) smoothings, B-bordant. 

The proof of this result in stable homotopy theory is a bit technical. 
Thus we will only give a sketch from which an expert should be able to fill 
in the details. For a spectrum S with only finitely many nontrivial homotopy 
groups in negative dimensions and finitely generated integral cohomology in 
all dimensions, the mod p Adams spectral sequence has the structure of a 
Z/p[/io]-module where, if (7 is a degree p map in the sphere spectrum, Hq is 
the corresponding element in Ext^ (Z/p, Z/p) = Z/p, A the mod p Steenrod 
algebra. Then denote TEr := {x e Er\hQ{x) = for some n G N}. Then, 
as Z/p[/io]-moduIc splits into TE^. and a free Z/p[/to]-iiiodule FEj. and 
the filtration quotients of the p-torsion in Tr^..{S) correspond to TE^. Thus 
one wants to know when the map ZTE'^^ := ZE'^^ n TE'/ TEZ IS sur- 
jective, where ZE!^'^ is the subgroup of permanent cycles in the £'2-term. If 
we from now on consider our relevant spectrum S = M^{n, 5) A MO{n + 1), 
then using information from [M-M] and some information from [Gi] about the 
cohomology of BO{n + 1) and the Bockstein spectral sequence for the exten- 
sion — Z — Z — >■ Z/p 0, one shows that for t — s < 2n + 1 the map 
ZTE^'* TE^ is surjective. 

Combining information from [M-M] with a vanishing result for Ao-free A- 
modules (^0 the sub-Hopf algebra of A generated by the Bockstein homomor- 
phism f3 for the extension — > Z ^ Z ^ Z/p — > 0) by [A] for p = 2 and by [Li] 
for p> 2, one shows that for (— l)-connected spectra S the groups TExt2' van- 
ish, if s > 2 and t-s < 2(p-l)-s-l. Our spectrum S = M^{n,S) AMO{n + l) 
is (— l)-connected and thus this vanishing result can be applied. The differ- 
ence of our two complete intersections X^ and X'^] in 7r2„ (5*) has by assumption 
Adams filtration s > + 1 for all p with p{p — 1) <n + l. The vanishing 

result implies that for p with p(j) — 1) < n -|- 1 we have rExt2 * = {0} for 
t — s = 2n and thus we only have to deal with primes p with p(j) — 1) > n + 1. 
Since n > 3 this implies p is odd. The proof is finished by using the well known 
result that r©t_5=2nExt^ (Z/p, Z/p) = for odd primes with (p— l)p > n + 1 
(cf. [Na]). Starting from this, one proves inductively that if M = ©M*^ is a 
(— l)-connected graded ^-module with M'' finitely generated and M^'^+^ = 
for all k<n, then r©t_3=2nExt^*(M; Z/p) = 0. Since H*{S; Z/p) fulfills this 
condition the proof of Proposition 12 is finished. 
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9. Analysis of certain obstructions in io({e}) 

In this section wc study a special class of 7-manifolds with very sim- 
ple normal 2-type. Wc will show that under appropriate assumptions the Is 
(= /o) -obstruction for a i?-bordism between such manifolds can be controlled 
by characteristic numbers. The special class of manifolds is motivated by the 
classification of certain homogeneous spaces which fall into this class [Kr-Stl], 
[Kr-St2], [Kr-St3]. Let M be a 1-connected compact 7-dimensional manifold 
with H2{M; Z) torsion free of rank r. The normal 2-type B of such manifolds is 

C : CP°° X ■ X CP°°^ X B Spin bO, 
r-copies 

where p : SSpin — > BO is the canonical projection. The map H{w2) is 
trivial, if W2{M) = or the classifying map for the Hopf bundle over one 
copy of CP°°, if W2{M) ^ 0. Now Spin; Z) = Z is generated by a class 

denoted Thus for a spin vector bundle the characteristic class ^ can be 
defined as the pullback of this class. 

Theorem 6. Let Mq and Mi be 1-connected 7-dimensional, compact 
manifolds, either both Spin or both non-Spin such that H2{Mi;Z) is torsion 
free of rank r and H'^{Mq; Z) = H^{Mi;Z) is finite and generated by products 
of classes in H'^{Mi;Z) and ^(Mj), if Mi is Spin or ^{TMi L), if Mi is 
not Spin and L is a complex line bundle with W2{L) = W2{Mi). 

Then Mq is diffeomorphic to Mi if and only if there exist normal B- 
smoothings of Mi and a B-bordism {W,V) with 

(i) sign W = f). 

(ii) {v^x [Ji>*y,[W,dW]) = for allx,y e H^{B;q). 

The second condition is to be understood as follows. As H'^{dW;Q) = 
= H^{dW;Q) there is an isomorphism H'^{W,dW;Q) ^ H^iW;Q). So 
regard i^^x and P^y as elements in H'^{W, dW; Q) before taking the cup product 
and evaluating on the fundamental class As H^{B;Z) is generated 

by ^ and products Zi U zj, where the Zi's generate the second cohomology 
of B, the condition on i?^(Mj;Z) means that H'^{Mi;'L) is finite and that 
: H'^{B;'L) — >■ H*{Mi;'Z) is surjective. This result implies Theorem G. A 
generalization of it was proved in [Be] . 

Proof. By Proposition 4 we can assume that W ^B is a 4-equi valence. 
Then by Theorem 3 the surgery obstruction 9{W, v) for transforming W into 
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an /i-cobordism is given by 

e{W,i?) := {H4{W,Mo;Z) ^ im{d : Tr5{B,W) 

^ MW)) ^ H^W, Mi; Z), A, 

Since /j, is, in our situation, determined by A we omit it. We are going to show 
that 6(W, u) is elementary. Since the intersection form can be better treated 
in cohomology we will translate OiyV, v) to cohomology: 

e{W,9) := {H'^{W,Mi;Z) ^ KH'^{W,dW;Z) ^ H'^{W,Mo;Z),X), 

where KH'^iW, dW; Z) = Ker p : H'^iW, dW; Z) ^ H4{W; Z) H^iB; Z) and 
A is the cup-product pairing between H^{W,Mi) and H^{W,Mo). From the 
long exact sequences for the pair {W,Mi) we see that H^{W,Mi;Z) can be 
considered as a kernel of H^{W; Z) — > H^iMf, Z). 

Now we introduce some notation: V := H^{W,dW;Z), A := Hi{B\Z), 
p : V ^ A the map above. We identify H^{Mo;Z) by some isomorphism with 
-ff^(Mi;Z) and denote this finite abclian group by H. We identify H'^{W;Z) 
with V* via Kronecker isomorphism and Poincare duality and denote the ad- 
joint of the intersection form hj S :V ^ V*. The cohomology sequence of the 
pair {W, dW) translates into a short exact sequence: 

We denote the projection to the i-th factor (i = or 1) hy pi : H ® H ^ H . 
Then our obstruction 9{W, i>) translates to 

e{W, v) = (Ker pi j ^ Ker p ^ Kerpoi, A) G Zo({e}), 

where the maps / and g are the restriction of S to Ker p (Ker p maps under S 
injectively to Kerpoi H Kerpij) and A is induced by S. We note that the dual 
sequence of — > Ker p — ^ V ^ ^ is again exact (since the groups are 
free) : 

^ (Kerp)^ ^ ^ A* ^ 0. 

The following algebraic data can be derived from our topological assumptions: 

a) S is symmetric and nondegenerate and sign S" = 0. 

b) llS{vi) = p*{ai) for Vi ^V,ai^A*:(i = 1,2), then S{vi){y2) = 0. 

c) For all ip ^V* satisfying pij{<f) ^ and Poji^f) = we have p{S^^{rip)) 
7^ for all positive multiples r(p of ip lying in the image of S (and the 
same holds if we interchange the indices and 1). 

Now a) follows from signVF = 0, b) is a consequence of assumption (ii), 
and c) follows from the unimodularity of the linking forms on Mf. 
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Let L denote the cohomology linking form of Mi . For a contradiction we 
assume G H^{W; Z) = V* and a nontrivial i/j G iJ^(Mi; Z) = H ® {0} with 

jV= (^^,0) e H ® H = H\Mi-'L) e H^{Mq-Z) = H\dW;Z) 

such that for some r € N we have r^p G Im5 and pS~^{np) = 0. We will show 
then that ■0 = 0, contradicting our assumption. Since the linking form L on 
i?^(Mi) is unimodular this is equivalent to showing that L{a,il^) = for all 
a G i7^(Mi). Since Dl : H^{B;Z) — > i7^(Mi;Z) is surjcctivc by assumption, 

we have to check L{vo'q,ip) = for all rj G H^{B;7j). In the situation above 
the relation between the intersection form on W and the linking form on dW 
implies: 

L{vlr],i)) = ±- {'q,pS~^{rip) ). 
r 

The latter expression vanishes since pS~^{rip) = 0. 

The following proposition finishes the proof of Theorem 6. 

Proposition 13. Let V , A, p : V ^ A and S he as introduced above. 
Then, if the assumptions a)-c) are fulfilled 

e{W,v) = {Keipij J- Kerp ^ KerpoJ,A) G lo{{e}) 
is elementary. 

Proof. We denote the restriction of the symmetric bilinear form 5 on 
to Ker p by Sk- The adjoint of Sk is given by the composition Ker p ^ V ^ 

V* ^ (Kcrp)*. 

Using property b) one shows: 

i) For V eV,a e A*, S{v) = p*{a) => p{v) = 0. 
From this and the definition of the radical one has: 

ii) S~^{n ■ Imp*) C rad {Sk), where n is the exponent of H and rad is the 
radical and rank (rad (Sk)) = rank^* = rank^. 

Finally we will show: 

iii) Cokernel Sk is torsion-free; hence the form Sk on Ker p/rad (Sk) induced 
by Sk is unimodular and its signature vanishes. 

We will prove iii) at the end and finish the proof of Proposition 13 using 
i)-iii). By iii) there exists U C Ker p such that U flrad (Sk) = and U = is 
a direct summand of Kerp/rad (Sk) of half rank. We show that U ©rad (Sk) 
maps under / and g in Ker (pij) to direct summands Bi of half rank, proving 
the proposition. 

It is clear that they have the right rank since rank Ker {pij) = rank (V*) = 
rankF = rank (Ker p) + ranked = 2 • rank(J7) + rank (rad (S'x)) + rankj4 = 
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2(rank {U) + rank (rad>S'_ft:)). To show that they are direct summands we first 
note that U ©rad (Sk) is a direct summand in Ker p and thus in V. This imphes 
that if X G Kerpoi represents a nontrivial torsion clement in Kei poj / f{U © 
rad (Sk)), tlien x cannot be in the image of S or equivalcntly pij{x) ^ 0. But 
then by c) we obtain a contradiction since, as x represents a torsion clement, 
some multiple rx = S{y) for some ymU ©rad Sk C Ker p. The same argument 
holds if we consider Kerpij. 

We finish the argument by showing iii) . Denote the inclusion from Ker p to 

V hj i. Assume cokernel Sk has torsion. Then there would exist if (zV* with 

ibi^Sk), but i*{np) = S{y) for some r € N and y G Ker p. Consider 
the two cases j{ip) G im.{jp*) and j{ip) ^ im {jp*). We will show that both lead 
to a contradiction. 

If j{(p) G im(jp*), there is an a G A* with j{(p) = jp*{a). Define 
ip' : = if — p*{a). Then for if' we have i*{<f) = i*{<f') and j(<^') = 0. The latter 
implies that tp' has a pre-image v eV under S. On the other hand S{r-v—i{y)) 
G im p*. By i) we get = p{r ■ v — i{y)) = rp{v). As A is torsion free, it follows 

V G Ker p, a contradiction. 

If im(jp*) choose a & A* such that pojp*{a) = poj{^) and define 
tp' : = ip—p*{a). Then we have z*(p' = i*ip and poj{ip') = Poj{'p)—poj p*{a) = 0. 
The assumption j{(p) ^ lm.{jp*) implies pij{'~p') 7^ 0. Next we will show that 
pS~^{n ■ Tip') = 0, giving a contradiction to c). As above, we conclude from i) 
that S~^{nrip' — i{n ■ y)) G Kerp and hence pS~^{n ■ rip') = 0. 

To show that sign(S'ii-) = 0, choose X C Ker p such that Ker p = rad {Sk) 
© X. This is possible because Kerp/rad {Sk) is free. As Sk\xxX is unimod- 
ular. wc have V = X + X-^ . Wc can choose Y C X^ such that p|y : Y — > A 
is an isomorphism, since A is free. Starting from the decomposition V = 
X©rad (5";^) ©y we note that sign(S'|i.ad(5if)ei') zero, because rad {Sk) has 
the same rank as Y and the form vanishes on rad {Sk)- On the other hand X 
is orthogonal to rad {Sk) © Y and thus 

= sign(S') = sign(S'lx) + sign(S'|rad(5K)ey) = sign(-S'|x) = sign(S';^). □ 
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